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SYMMETRIC MATRICES AND QUADRATIC FORMS. 
By M. F. EGan. 


THE theorems that follow are mostly well known ; the object of this note is 
to show that they all follow simply from a single argument, whereas they are 
usually reached from different starting-points. 

Let F(x) =22a,,c,v, be a quadratic form in n variables x,, and let 
D,=| pq |n be its discriminant. If we put each of the variables x, ,), &p,2, 


,v, equal to zero, we get the form F(x) in p variables, and its discriminant 


D 


p* 
The theorems are these : 


I. If D, is of rank r, the form F’,, can be expressed as the sum of r square 
terms, Yb,y,°2, the r variables y, being independent linear combinations of 
the Ly: 

IT. A symmetric matrix of rank 7 has one non-zero principal minor of 
order r. 


Ill. If a symmetrie matrix has a non-zero principal minor M of order 7, 
and every principal minor of orders 7 + 1 and r + 2 which contains M vanishes, 
the matrix is of rank r. 


IV. Suppose this minor M to be D,. (We can always ensure this by 
renumbering the suffixes.) Then we can renumber the suffixes 1, 2,..., 7 in 
such a way that no two consecutive terms of the sequence 


(8) 2D, Des D 


vanish together. . 

V. If all the terms of (S) are different from zero, then the numbers of 
positive and negative coefficients respectively in the reduced form 2b,y;,? 
will be equal to the numbers of continuations and of changes of sign in (S). 
(This, of course, on the supposition that only real numbers are involved.) 
In particular, if all the terms of (S) are positive, the form Ff’, is non-negative, 
and is positive-definite when considered as a form in the r variables y;, 
Conversely, if #’,, is non-negative and of rank r, and D, 0, then every prin- 
fipal minor contained in D, is positive. 


G 
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VI. If one of the terms of the sequence (S), say D,, vanishes, then D, 
and P, , have opposite signs, and the rule given in V holds provided that 
ge from D, , to P, as involving both a change of sign 
and a continuation of sign. 


we regard the passe 


Vil. The matrix A of a real non-negative form of rank r can be expressed 
in the form 7”7', where 7 is a real matrix of rank r. And conversely, if 7’; 
any real m»n matrix of rank r, 7’7' is the matrix of a non-negative form of 
rank r. 

The proof depends on two observations. First, renumbering the suffixes 
changes a principal minor of D, into a principal minor, since it involves 4 
certain number of interchanges of columns and an equal number of inter 
changes of corresponding rows ; neither the value nor the sign of the minor 
is altered, and its axis still lies along the axis of D,. Secondly, the values of 
all the D,, are unaltered by a * triangular”? substitution of the form 


¥, =x, +8 linear form IM 2,..3, Zpie.. (K=1, 2,3, ...,%). 


In effect, D, is unaltered, since the substitution is unimodular. Again, if w 
put 2,45 Ppya ++. all equal to zero, the corresponding variables y), ,, etc., wi 
also vanish, and we shall have a unimodular transformation of the first pa 
into the corresponding y’s, leaving P, unchanged. 

That being so, suppose first that there is a square term in f’ 
numbering the suffixes, we can call it a,,7,7.. Then we write 


n* 2 


Oy Yy = Dy Hy + Wy gg t+ Ay 3g t... + Aintp. 
This gives 
“7 2 ’ 
I 411912 + G, 


n 
where G is a quadratic form in 2g, 75, ... , Ly: 

If there is no square term, there must be at least one non-zero product 
term, which we can take to be 2a, 0,3 (4;;=@2,=90, by supposition). Wi 
put 

Ga Z 1 = gy Ly + Aggy t+... + AgnTy, 


yor q — Aye g t+ Ayglgt.ee + yyy, (4,2 = 4q,). 
This gives 


Mu » 7 
I 2a, 22,24+ H, 
where H is a quadratic form in x3, 74, ..., Lp. 
Dealing in like fashion with @ or #H, and continuing the process until al 
the 2, have disappeared, we get eventually a form J, in r variables, (7 <n), 
We may suppose tli 


composed of terms such as either b,y;" or 295252 p, ig 
suflixes to rum consecutively, as for instance : 
J, bys? t 29 22223 t by? t 

If r-<n, we complete the transformation by putting y,= 2, for the remain 
ing variables. We have thus a “ triangular”? substitution of the kind ind- 
cated above, and we can find all the i. from the form J,. It is evident i 
the first place that the matrix of /’, is of rank r, since it is transformed int 
the matrix of J, by a non-singular substitution. Also each product term in 
J, can be expressed as the difference of two squares, giving 7 squares. 

If b,y,2 occurs in J,, the only non-zero term in the last column of D,, (a 
derived from J,) will be 6, at the end of the column; hence D,=6,);.; 
giving the rule for the sign of 6; in this case (see V above). 

If 29,7,2p,1 occurs in J,, then J, will contain no term in z, (z,,, having 
been put equal to zero), hence Dp, 0, its last row and column being composed 
of zeros. Also the only non-zero terms in the last two rows or columns 0 


Dyst 
hence J 
lifferen 
It is 
fore 1 


W 


whence 
Agar 
an ma 
tid abo 
more V 
rder 7 
more t« 
ur dis 
y”’ oO 
sists 
vould +e 
| posit 
J, must 
ep +t 
variable 
terms O 
To p 
b,3 


(Lf a’ 
metric, 
Conv 
} 


vious 


the sun 
f each 
condi tic 
t Cann 

Very 
corresp' 


1456. 
manity 
the jou 
mathen 
indery' 
granted 

1457. 
practice 
Force ¢ 
must b 
News L 





n D, 
“dd that 
of S127, 


pressed 
uf 7} 


orm 


suffixes 
ol ves 4 
P inter 
> minor 
ues of 


1, iw 
LC., WI 
stb pz 


t- 


yroduet 


). We 


ntil a 


comall 
a. indi 
dent m 
ed int 
erm in 


D, (a 
Dy \ 


having 
mposed 


mins Oi 


SYMMETRIC MATRICES 91 


Dy, Will be g, in the penultimate place in the last row and the last column ; 
pence Da», 4 J,*D,-1- Also the product z,z, 
lifference of two squares ; henee the rule given in VIE. 

It is clear that D, 40, whether the last term in J, is y,* or 2, 
efore the renumbering of the suffixes D, had been a principal minor of D,, ; 
whence LI. 

Again, if the matrix of /’, has a non-zero principal minor of order r, we 
innmake this minor to be D, by renumbering. We can then proceed as we 
lid above to reduce the form by absorbing 2, w.,..., %, If there are any 
more variables to be absorbed, we shall get a non-zero principal minor of 
rder r+ 1 or r+ 2, containing D,. If there is no such minor, there are no 
more terms to be absorbed, and /’, =J,, which proves LLL. TV follows from 
discussion of the values of D, according as the kth variable in J, 
y” ora “2”. Again, if all the terms in the sequence (S) are positive, J, 
msists entirely of square terms with positive coefficients (a product term 
sould give a negative term in the sequence, as we have seen). J, is therefore 
spositive-definite form in the y,. Conversely, if /,, is non-negative of rank 7, 
J,must consist only of square terms with positive cocflicients ; if a product 
igfpy1 occurred, this could become negative, and by annulling the other 

we could make J, and therefore #’, negative ; hence all the 


, can be expressed as the 


iz, 3 and 


is a 


ariables in ‘i ed r n 
terms of (S) are positive. 

To prove VIL: if /,, is non-negative and A ts its matrix, then we can put 
b,Ay, (k=1, 2, 3, ..., 7), and we have 


v’Ax=u'u. 


u— Tx is the matrix of transformation, 7' being r « m and of rank r, then 
(u=2’T"T'x, whence A=T7"T. 

(If a’ Mx —0 for every «, M must be skew-symmetric ; hence if it is sym- 
metric, as A — 7"7' is, it must be identically zero.) 

Conversely, if Z’ is any m*xn matrix of rank 7, the matrix AJ 77" is 
bviously symmetric, since M’= M. Also, if we put y= Tx, we have 


aT’ Tx yy, 


the sum of m squares. Hence the form is non-negative. It can only vanish 
feach of the m terms y, vanishes, and this is equivalent to 7 independent 
mditions, hence the rank of 7"7' is at least equal tor ; but, on the other hand, 
teannot exceed 7, it is therefore equal to it. 

Very little alteration in enunciation and proof is necded to establish the 
orresponding theorems for Hermitian matrices and forms, M.F. E. 


GLEANINGS FAR AND NEAR. 


1456. But the mathenjaticians had ever been remote from common hu- 
manity, as they listened to the mechanical music of the spheres and plotted 
the journeys of the asymptote. We may, therefore, comfortably blame the 
mathematical minority for the restriction imposed upon the gay and wayward 
indergraduate, while. praising the majority of dead Dons for the liberties 
granted to them.—Russell Green, low Gently, Isis (1948), p. 92. 

1457. We shall continue to make these errors until it is recognised that in 
practice as well as in theory, it is essential to regard the Army, Navy and Air 
force as three in one and one in three. They are a triangle of forces which 
hust be resolved into a single force directed at a decisive point.—National 
News Letter, No. 311, June 25, 1942. [Per Mr. W. J Hodgetts. | 
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A NOTE ON PAN-MAGIC SQUARES. 
By Nancy CHATER AND W. J. CHATER. 


ALGEBRAIC magic squares of order 4, constructed with the numbers 1, 2, ... | 
are of three main types. 

From the 4 4 frame, nine 2 x 2 quadrants may be cut, and the sum ¢ 
the numbers in these quadrants furnishes the criteria for distinguishing 
between the various types of magic squares. 

Type L squares have 34 as total in only five of the 2 x 2 quadrants, that 
in the four symmetrically disposed corner quadrants and the central one, 
Ga Gigs Oy Oe; Os, Bad Cus Cas Ces Ce dis, Oe, dy, 


These contain: @4, @s, 


and a3, b,, c,, d, (Fig. 1). 







































































war aL. . Type IL have totals 34 in the five quadrants of Ty 
a, | Gs | dy b, I and also in two additional ** side ” quadrants, 
r | ok a ae those containing a4, a3, d,, d,3 64, 03, Cs, C1, or thos 
| | } } Pete ‘ 2 1 3 2 1 
"Be ike acd Sha containing a, 0,, Dg, @33 Be, Cry Cas As. 
ry 77] Type ILE squares have 34 as total in all nine quadrant 
| d, | dy} €, | C2 of the frame—the four corner ones, the central o 
2 ae - | aaa and the four side ones. Examples of the three ty] 
a. bd cle d phe 
ty | G3 1 3 of 4 4 magic squares under consideration are giv 
est Seiet Band Moat eg 
aaa sects below in Fig. 2. 
Fic. | 
Type L. Type II. Type III. 
en ves pre eee 7 ; > 
2} 33 14] 7 >| 12 14 3 2 4 12 13 
| 
a Oe Be - ie 4 
1I5{| 6] 4] 9 15 2 8 9 16 9 6 3 | 
Be Set ao 4 
S143 | 22: 2 esl wW i «6 5 | 4/15] 10] 
| | 
ae = | 
10; 3| 5116 10 | 7 1 | 16 11 | 14 1 8 | 
Fic. 2 


In the kind of squares we consider, the five quadrants—four corner and 0! 
central—must add to 34 if the square is algebraic magic, while a squar 
pan-magic if it is of Type II], 7.e. with all nine quadrants having totals 34 

The side quadrant has a,+a,+d,+d,, as much above or below 34 as 
opposite b,+63;+¢.,+¢, is below or above 34. Similarly, a, + 6, +b4+ 4, 18 
much above er below 34 as d,+¢,+¢4,+¢d; is below or above 34. 

The rule to test whether a 4 x 4 magie square of the types under considet 
tion is pan-magic is as follows : 

Kind the total of the numbers in two adjacently disposed side quadrant: 
say those containing a4, @3, d,, d,, and dg, b,, by, a3. If the square is mag 
and both these totals are 34 it is also pan-magic. If neither total or o1 
one equals 34 the square is not pan-magic. 

In Type I, 15+6+138+8=42; 12+ 144+4+6=36; neither=34. 
In Type LI, 15+ 24+ 13+4=34; 12+ 14+8+2=36: one set=34. 
In Type ILI, pan-magic, 16+ 9+4+5=7+4 12+6+9=34. 

As the squares are all three algebraic magic ones, the numbers in the f 
corner and one central quadrants total 34. Thus in square I, 1+ 124-6} 1 
144.74+94+4=114+24+164+5=8+ 18+3+4+10=6+4+114+ 138=34, and sm 
larly for the squares LI and ITI. 

Magic squares of the three types described above may be obtained frog 
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Stage I. 














i weet iar eee meat 
| | P| F,| F,) F,| 
+ an ~---+ 4 +——_—___+ 
ees te, 
De istee al ee at pan | Aik a] 
feed | | 
| | | | 

| fe | fof; | ff | f rr | fol’. 
ae aie oad 
Is | SF 1} fl fF | fal +] 

| | | } 

i pen ones ae 
fy | fF) falo| Sak fF | 

bea le J 

Kia. 4 


| l Lrow 
Blk fringe 


Variants 


in any one of these tables is obtain 
term to the top-fringe terms. 
of the tables given may be 
he top fringe keeping the side-fringe terms steady, 
keeping the 


obtained by 
or 


e-fringe terms 





the addition tables above may be represented by 


permuting 
we 
top-fringe ones steady, or we 
og@le- and top-fringe terms simultaneously. 


the 
may 


> may permute 


permute 


43 


\dition tables whose array is subsequently deranged according to a rule 


and 


biven by Lueas (vide Unterhaltende Probleme und Spiele in mathematischer 
Bleuchtung, W. Grosse, Leipzig, 1897, pp. 45 and 46). 
We cite four Lucas tables using the numbers I, 2, ... 16 (Fig. 3). 
A B 
.-T; r 
i 2 a 4 ] 3 5 7 
= += ~— t= ———— eee oS a | 
| O |i I 9 | 3 { 0 ] 3 5| 7 
fod Sd ed Re | 
|} 4]/ 5 6| 7 8 l|| 2 4 6 8 
ee ee ee ee ee 
1 sii 9jiolan | ae si} 9]a1] 13 | as 
Se | Sa | a I | ee 
}i2 His {ia 11s | 16 9) 10 | 12 | 14 | 16 
ea | aa eae ea (ae 
C D 
ae: ia Mae Re a 
[ || 1 | 2 9 | 10 | l 2| 5| 6 
a 1! ea — —_ ee 
ola] 2] 9 fro 0 I 2| 5] 6 
2 || 3 1] ur |e 2 3} 4] 7] 8 
— a ee ee ee rl 
| 4 || 5| 6] 13 | 14 s|| 9 | 10} 13 | 14 
—— a ee | ey 
6||7] 8 15 |16 10 || 1b | 12 | 15 | 16 
eh al Bik aed ail had 
Kia. 3. 
lfin any such table we denote the upper fringe terms by F’,, 2, F's, [4 
side fringe terms by fi, fos fas fa, and adopt the symbol /,. f, as signifying 


«Ll by adding the corresponding 


terms of 


the 
both 
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Whatever addition table is used it is subsequently treated as below. 


Stage 2. Stage 3. 



































r a a ae 
ff [Libs [Ses Sit’. AiP | fek’s| fok'a| fake 
| Saba] Sols PoP s| fF fal a\ foF 2| fF | fils 
— SS a ee 

“Y Al 7 
fl | fale [Jatis| fats SF Sik s SsF's S2F 
Se fils) fils [Jat ‘; SP s| foks| fil s| fils 
io 











Stage 1, Fig. 4, 


i.e. ffs, fol Fy, fxs, and fF, fsFh2, folks, fib 


terms are interchanged, any term of them for the one disposed symmetrical 


to it relative to the square’s centre. Thus the interchanges are f,F, wit! 
Sil’s fils with fish's, f.l, with f,f,4, and f,F, with f,F', 
Stage 3 interchanges the top right-hand 2 x 2 quadrant of Stage 2 with tl 


left-hand bottom one, 
unchanged. This process produces a magic square from the addition tabl 


for it brings into each row, column and full diagonal the eight quantitis 
his das Taster 2 , £;, 4, whose sum is termed the square constant. For th 


squares we consider, the square constant equals the sum of all the integr 


numbers up to 16 divided by 4, the number of rows or columns. Thus th 
. , . SGT? . 
magic square constant, for these 4 x 4 squares considered, is yy 34. 


It may be pointed out that although the fringe terms of the addition tab! 
C and D are different, the squares they produce are intimately related. 




































































C we obtain : 
Stage 2. Stage 3. 
a = ae” il Pee a 
r £15 8 | 10 1}15] 12 6 
r 4 M1 | is) 14 4 7 9 
me Ba es eS 2 
, 12 6 13 | 3 8 110} 13 3 
7| 9| 2116 11 | 5] 21/16 
ee ee eee ae 
while from D we obtain": 
Stage 2 Stage 3. 
———- et 
l 15 | 12] 6 | 1] 15 8 | 10 
= | me: . 
| 14 ‘| | 9 14] 4}al] 5 
8/10} 13 | 3 12| 6/13] 3 
11 5 2 16 7 9 2 16 
l | ee ee ae Rael 


shows the quantities as they appear in the addition tab} 
Stage 2 preserves in their places all the terms of the two principal diagonal; 
",, while the other eight 


the positions of all other terms in Stage 2 remaining 
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We see that Stage 2 of both C and D are already magic squares and that 
Stage 3 D is the same as Stage 2 C, while Stage 3 C is the same as Stage 2 D. 
We notice, too, that the Lucas process brings into the four corner 2 x 2 
uadrants and the central one all f’s and F’s, so that the totals in these 

wdrants is the square constant 34. 

By means of the fringe permutations we may obtain three essentially 
lifferent patterns of Type I, two of Type II and one of Type IIT. 

The “ pattern” of square is characterised by the position in the frame of 
pairs Of numbers, -which have been termed ‘‘ complementary numbers ”’ and 
whose sum is half the square constant. This value is 34/2 = 17 in our ease. 

Such a pair of values is marked a, a; 6, b;..., and the characteristic 
patterns are as given below. 


Type I patterns (positions of complements) : 
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h\g | f | ( a}\b | ¢ d Cis te ge etfig | 
———_+-—_- 4 — —— Jf 
d | c | b | a | elf |lg|h g\|h igh flelh liq 

| : eu 
(4) Symmetric (b) Alternate (c) Alternate (d) Diagonally 
about the in columns. in rows. in corner 
square’s centre. quadrants, 
Examples - 
1} 15} 8] 10 2/13} 8] 11 2/14 15 | 3 4/10/15] 5 
12 | 6 13 | 3 12 7 | 14 | TLRS? 6 ye a ie | 2 
14 4} 11 5 15 4 9 6 12 8 5 9 14 8 1/11 
7 | 9 2156 5110 a} 16 13 ] 4/16 9 3 6 | 16 
(a) (b) (c) (d) 


As rows become columns and columns rows by merely rotating the frame, 
there are only three substantially different patterns of Type I, viz. (a), (b) 
ind (d). 


Type IT has two essentially different patterns : 























a b 5 a 

t d d ( 

€ f f é | 

q | A } ¢ 
Bs Ged Bed 34 


(a) Adjacent in rows. (b) Means—extremes in rows. 











96 THE MATHEMATICAL GAZETTE 


Examples : 






























































2 15 | 8} 9 2} 5112) 15 

12 5 | 14 | 3 16 | 11 6 l 

13 4/11 6 7) 4/138 10 | 

7/10] 14] 16 9/14] 3] °8 
(a) (b) 


Adjacent in columns and means-extremes in columns are not substantially 
different squares from these. 

Type ILI, which is the pan-magie type, has complements alternate in a 
diagonals, in the full or principal ones and in the broken ones also. 


















































| } | | | 
i Se ee | 
a ee SS ee en a en 
| | 
} | | | | 
——}-—__—_}__—_ _———— 
| | ad h | € C | 
shes | | 
| | 
q b | d | } | 
pe ot oe [ ‘ 
é ( a h } } 2 j 12 | 13 
a - — —}—|—-— 
d f g b 16 9| 6 3 
| 5| 4}is|10| 
— a | an een re et 
| | | 
Hite) 1} 8} 
| | bond Gat Be, Beal 
Pattern. Example. 


In the figure there are two * full ’? diagonals, a, 6, a, b, and ec, d, ce, d 3 an 
six broken ones of type a, (f. a.f)3 (9, 4). (g, h), ete. Tf a different cut wer 
taken from the magie parquet, some of the broken diagonals would becom 
full ones. 

Thus there are three substantially different patterns of 4% 4 algebrai 
magie squares of Type IT, two of Type I], and one of Type III, 7.e. in all sis 
substantially different patterns of 4 « 4 squares. 

In the case of a pan-magie square, which we may regard as being cut from 
a magic parquet in which the square’s numbers are regularly repeated out 
all directions so as to cover the whole surface of which the 4 « 4 frame is but 
a part, we may use a row -column operator investigation to obtain suggestiot 
for numerical connections between the values in the frame. 

The investigation suggests the rule already proposed to test 4 4 squares 
for pan-magic quality and extends it to squares of any side. Such squares 
to which the extended test is applicable may be those it is possible to con- 
struct with consecutive integers, or others constructed in any way wit! 
integers omitted or with repetitions. It is a generally applicable rule. 
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| | | | 
pe ee eee See | | ee Seen ceneee: o 
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|| | a 
— ; il = — | — = + — — 
Pdf Beat ae Page toed 
| | | | 7,1 | he | 
= ee a = ee Sees eee 
| | | } 
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| | | | = | 
| | | R2 | RC? i 
_| — | == & 
TTT Two 
Rs | | RIC3 |} 
| | | 
ehh Ae cele ————e — ee 
| | | | 


Suppose we select from -the magic parquet Fig. 4 some term d hl of it 
Make this the top left-hand term of our 4 t{ frame. Then the terms of the 
an-magic square are denoted as : 

L> 2, eT, To, Be -D down the column; 
l : af Spal Sil aber C?.- i le Ce. dip along the row 5 

nd by 1-7", RC-T", R°C?- Ti", RC3-7T™ along the principal diagonal. 

Here 1 represents an idem-operator, R a row-operator, and C a column 
perator. & increases the row-superscript by unity, while C increases the 
lumn-subseript by unity. ; 


Whence we have: 1-7™+C-T™+4C2-T™+C2 + TM=SG, v.ccccessseseeees I 
Ee pee Ee ee ee poe ne pad. ene II 
P74 RO. FS + BO? PF 4 O- PP HB, ..2.0, 11] 


vhere S=the magic square constant, in all our cases = 34, 
Equating I and IIL and removing T"*, we obtain an operator equation : 

1+C04+C2+C2=14+ RC + RC? + BC? 
I C(R-1)+ C?(R?- 1) + C3(R3 - 1) =0, 
I OC GB) OSG es HO. sec scsticscacctecsses LV 
Considerations of symmetry yield also : 

b+ RIC + FE) + RC* 20 + Bay. sc vccccascaiccctacevees V 
Equating IV and V, we have after simplification : 
1+R+C+RC=0. 

Now 14+ R+0+RC operating on 7” produces the block of terms in 
» 2x2 quadrant, T™ + 7™ +1 + 7m 


n n n+l 


tigi 4 and suggests that these four 
terms, or any four similarly situated ones throughout the parquet, are con- 
nected by some similar relation, no matter where 7’, is chosen in the parquet. 


Now in any 4» 4 algebraic magie square, including the pan-magic ones, we 
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have the sum of the terms in 2 x 2 quadrant positions always equal to 34, 
provided the quadrants are corner ones or central. Whence the operator 
investigation suggests that for the parquet, 7.e. the pan-magic case, every 
2 « 2 quadrant in the 4 « 4 frame cut from it has values whose sum is 34. As 
we have seen, there are nine such 2 « 2 quadrants, and in a pan-magie squan 
all nine quadrants do contain numbers whose sum is 34, in agreement wit! 
the relation suggested by the operators. 

Let us examine for a moment the famous square which appeared in Albrecht 
Durer’s picture ‘‘ Melancholie ”’. We see at once that this square (Fig. 5) is 
not pan-magic, for taking the side quadrant 8, 10, 6, 12, its total is 36, 
Similarly, the side quadrant 6, 7, 14, 15, has total 42. The total 36 is as 
much above 34 as that in the oppositely disposed side quadrant 11, 5, 9,7 
(= 32) is below 34. Similarly, 6+ 7+ 14+ 15=42 is as much above 34 as 
3+2+11+4 10= 26 is below it. 











13 3 2) 16 
———_— — _ se 
} | | 
| slio}al| 5 
12 | 6 | 7 | 9 
ie are i a —_ 

] | 15 | 14 4 
Bet hh Bead Beet 
Kia. 5 


The Diirer square is of Type I, pattern (a), complements being arranged 
symmetrically with regard to the square’s centre. 

An extension of the row-column operators to parquets based on pan-magi 
squares of different orders will be found to lead to the following relations 
concerning the sums of the quantities in sub-squares, whose sides are two 
less than the square under consideration. The rules are general for all possibl 
pan-magie squares. 
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Order 4x4. Sub-square 2 x 2. Order 5x5. Sub-square 3 x 3. 
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Order 6x6. Sub-square 4x4. Order 7x7. Sub-square 5 x 5. 
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The last pattern means, for example, that if we cut from a magic parquet 
constructed on the basis of a 7x 7 repetition a 77 frame, and then take 
any 5 5 sub-frame of it, the sum of all the values on the outside boundary 
of the sub-frame + twice the sum of those in the next ring +4 
in the following ring, and so on, is always constant. 

If we take the square of page 206 in Mathematical Recreations and Essays 
by Rouse Ball, revised by Coxeter, viz. : 


three times those 


2 re ee 
| 7] 20] 3] 11] 24] 
7 ee 
}is} 21} 9fa7] 5] 
li9|/ 2/15/23] 6| 
a Sn BOE lee Oe 
ed 8 | 16 | 1| 12 
cea: Mie T } 
| 1} 14} 22} 10) 18 | 
ee ee eas J 


we have on testing it for pan-magic quality according to the above (Order 


74 2043494 154+2+19+13 

and . 2x 21 $2 
130 

= 

And selecting any other 3 


2+154+ 23+4+4+104 22+14+8 98 
and 2x16 32 


3 square we have, say, 


130 as required, 


On page 191 of his work Mathematical Recreations, 1944, Kraitchik gives 
three examples of pan-magie squares. On page 189 he states that ‘‘ a pan- 
magic algebraic magic square is characterised by the fact that the complemen- 
tary numbers lie on the diagonals in pairs whose elements separate each 
other ”’. 

His three examples are : 
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(a) (b) (c) 


” 


These three squares satisfy the above “ characterisation Thus in the 
middle square the full diagonals are 1, 12, 16, 5; 15, 3, 2, 14, alternate 
numbers in which add to 17. The broken diagonals are 1, 10, 16, 7; 13, 8, 
4.9: 6, 12. 11, 5: 15, 8 2,9: 6, 10, 11, 7; 13, 3, 4, 14, in all of which 
alternate numbers add to 17. Thus the quality characterising this square as 
a pan-magic one seems complete. Nevertheless the square, far from being 
pan-magic, is not even magic. All the rows add up each to 34, so do the two 
principal diagonals, and so also do the six broken diagonals, but the columns 
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do not add up to 34 but to 35, 33, 33, 35, respectively, beginning from the divid 
left. That the square is not pan-magic may be detected at once by means in th 
of the above rule. ing 1 
The set im the side quadrant, 138+ 12+3+6=34, while the adjacently total 
disposed set 3+ 16+4+10=33. To be pan-magic each set should total 34. Th 
In the case of Kraitchik’s other examples, (a) and (c) above, we have for 
(a): ¢ ‘ F - oe ‘ 
a (12+ 13+2+7)=(2+ 16+5+11)=34, We f 
and for (e) : (14+ 11+5+4)=(5+ 164+3+4 10)=34, 
both satisfying his characterisation and our rule. , 
If we reverse the Lucas process, using the imperfect example (b) above, : 
we reach the addition table : Fo 
. . numl 
| o { G 2 by tl 


tt - Kx& 
rf al 5] 7] 3 Th 
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i111 }14]/16} 9] 6| 3/16] 9 
od Rona teal Hil 
| | a a 
2) oi et €} 15/10} 5| 4 
| | 
ae See eee ee 
This Stage 3 square is a pan-magic one. Its side quadrants 12+ 13+ 3+ 6 
and 34 16+5+10 both add to 34. Stage 3 is precisely the same as the 
imperfect example (b) above, except that the terms 12 and 13 and 5 and 4 
have been interchanged. The interchanges do not affect the “ characterisa- 
tion”, since as much is added by interchanging 13 for 12 as is lost by inter- 
changing 4 for 5. But these interchanges do affect the totals in the two 
test quadrants —at least in one of them, which is 3+ 16+ 4+ 10=33 in lieu 
of 3 16 o 10 34. 
Reverting to the considerations embodied in the diagrams of Fig. 6, we 
would add the following observations : 
The square constants for possible normal squares of order n  n are : , 
i Se 
a a ae y 9 
n n 4 4 5 y Z yf ete 
a» 34 65 175 ete, Tota 
S=—In(n? +1), for valucs for which nv is possible. 


To test whether a given n « m magic square is pan-magic, select from it any 
» { ” 


(n—2)«(n—2) frame whatsoever. The quantities in the frame ecan_ bi 








bove, 


risa- 
nter- 
two 
. lieu 


Testing this result for the 7 «7 square in Rouse 


Total 427 + 322 + 126 = 875. 
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livided into ring tand, those 
in the follow- 
products are 


Those in the outer ring are added as they 
in the next ring are added and the total multiplied by 2; tho 
ing ring have their sum multiplied by 3, and so on. All these 
totalled. 

This total equals A 


S where A, like S, is a quantity varying with n. 


We find : nen 4x415x5|6x6]7x7/ 8x8 

K | 2 3! ) 7 

1 3h 3 6 10 15 21 
For a 7x7 pan-magic square, which is possible making use of all the whole 


numbers, 1, 2...49, any 5x5 block of numbers selected from it multiplied 
by the multipliers appropriate to the special rings and added together give 
KxS with K=5, 8S 175 7.e. gives 875. 

The numbers 3A (3, 6,10...) are one of the 
known as figurate numbers 
numbers in the set are °C, 


magic square of order n 


familiar scts of quantities 
whose second difference is unity. The 
1C’,, 8C',, ete. Thus for a possible normal pan- 
n from which we 2 2 


a set 


select a block (n a) (2 az), we 
have for the sums of the products from the various rings : 


‘ . I wh 1) 
Sum of the products=; .”-'C',. . 
1 (n L)(n 2) nn 1) ] ° 
n(n — 1)(n— 2)(n? +1). 
3 . 12 


Balls work, page 206, Fig. 


XVIl: 


rf 
| es 9 4/48 | 36] 31 
| 
| 44 | 39 | 34 | 22) 17 | «12 7 
— om 
20 8 >| 471 42 | 30 | 25 
oo | da | 28 | 16! 1 6 | 43 
| | 








a 2 = 


Selecting the 5 « 5 block OPQR, we have : 


9+4+ 48+ 364+ 3147+ 254+ 43+ 194 24+ 294414464 2843+ 34 27. 
2x (22+ 174 12+ 30+6+ 11+ 16+ 47)=2 x 161=322. 3x 42=126. 


If the square is pan-magic this total should be : 


l ' 4.6.8. 30 
em ~_9)9 

Ta 1) (7 «#)v }2 

7x 5x 25=7 x 125=875 as required. 
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lor the 6 + 6 square on page 211, Nig. XXL: 














| | 

| 28 | 1 36 & | 2] 
| 

Ae 

| 3] 27 | 23 | 25 

fas |» | . 

| 34] 24] 22] 2/29] 9 

me noe! eee) | 

| ee 19 | 12 39 | 14 | 
t + ~ + 4 

a 371 & | 33 

as [1 | 31 31} 6/16] 18 


In this square the numbers 10, 20, 30 are omitted, and 37, 38, 39 are used, 
S, the square constant, is 


39 ~ 40 

(10+ 20+ 30) _ 
780 — 60 

130 — 10= 120. 





6 6 
We select a 4 ¥ 4 sub-square. 


2841+ 26+ 36+ 27424124 19+32+4+4 34+ 3=224 


100 
According to the rule the sum of the products should equal 
l : i . l 5 1 P 
n—i¢gy. 8 ~ SS... 120 - 120 400 as required. 
3 ss 3 ° 3 1x2 


Taking another 4 « 4 sub-square : 
22+2+ 29+9+4 144+ 33+ 18+ 1646+ 31 15+ 19=—214 
and 2x (12+ 39+ 5+ 37)=—2 x 93=— 186 


100 as required. 


Thus, judged from the two tests, the square is pan-magic. 


Applied to a square, cach cell of which contains the value unity— pan- 
magic square with complete repetition—the above test leads to the following 


identities : 


(a) With 2n + 1 cells in the side of the square : 


(6) With 2n +2 cells in the side : 


~n.44+(n-—1)(44+ 1.8) + (n—- 2)(44+2.8)4+...4+(n-7r)(44+7.8)4 
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The 4 « 4 square 


9 1 | 20} 14 


—}—___+—__—4 


15 | 19|~ 4 | 6 

















las & Square constant 44; 5, 10, 11, 12, 17 are omitted, other whole numbers 
ip to 21 are included. The square constant is 44 and, as the pan-magic test 
prescribes, all nine quadrants total 44. The complementary numbers are 
ilternate in diagonals, and in this case add to 22. 


SuMMARY: A classification of 4 x 4 algebraic magic squares into three types 
has been made, based on the totals of certain 2 x 2 quadrants (adjacent side 
juadrants). There are three types, those in which five quadrants cach total 
to S (the square constant), those in which seven each total to S, and those 
in which all nine quadrants each total to S. There are three essentially 
lifferent patterns of Type I, two of Type II and one of Type III, the 4 x 4 
pan-magic type. 

With the aid of row-column operators, a general rule has been stated which 
may be used to check the pan-magic quality of all magic squares of any order. 

If the square being tested is of order nxn, select from it haphazard any 
sub-square (n — 2) x (vn— 2). Find the total of the quantities in the outer ring 
f the sub-square, twice the total of those in the next ring, three times those 
nthe following ring, and so on. The grand total for the sub-square, got by 


; ae : : . : 1 fn 
idding the quantities contributed from the rings, equals a\ 9 S where 
n-I\. . . . ik #3 
: ) is a combination symbol and S equals the magic square constant. 


his rule has been checked on examples given in works by Kraitchik and 
Rouse Ball. W.-C. 
W. J.C. 


1458. When [I first went up to Cambridge (1877), I confounded the Circle 
it Infinity with the Circular Points at Infinity till someone drew a circle for 
he and put two circular points in it like two eyes in a very fat face, and then 
idded the Line at Infinity just where the mouth would come. And now I 
annot go to Infinity without seeing this round face grinning at me as the 
Cheshire Cat grinned at Alice when she was in Wonderland. 

In those days there were old Dons at Cambridge who rampaged like mad 
bulls, if you just waved red rags at them. If the Don was Mathematical, you 
waved the Method of Projections ; if he was Classical, you waved Archaeology. 
With the Method of Projections a short proof was substituted for along proof ; 
but the old men had always used the long proof, and were indignant that the 
same results should be obtained so easily ; and they had influence enough 
to get the easy proof prohibited in the Mathematical Tripos.—Cecil Torr, 
Small Talk at Wreyland (1926), p. 94. 

Torr was a Senior Optime in 1880 (and also took the Classical Tripos) : 
the quotation is an interesting light on undergraduate opinion of the time, 
Per Mr. P. Fraser.] 
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STABILITY OF EQUILIBRIUM. 
By EF. UNbERWoob. 


1. This article contains a discussion of the problem considered by Routh * 
and other writers under the general heading ‘** Rocking Stones ’’, but 
restricted to cases which can be treated as problems in two dimensions. Thy 
touth writes: ** A perfectly rough heavy body rests in equilibrium on a fix: 
surface ; it is required to determine whether the equilibrium is stable or 
unstable. We shall suppose the body to be displaced in a plane of symmetry 
so that the problem may be considered to be one in two dimensions.” 

The following cases are considered : 

(i) Heavy body resting on a horizontal plane. 

(ii) Heavy body resting on a fixed surface with the common normal vertica 
in the position of equilibrium. 

(iii) Heavy body resting on a fixed surface with the common norm 
inclined to the vertical at an angle « in the position of equilibrium. 

These cases are all considered by various methods either by Routh 
Minchin,} and (in a sense) Routh’s general method { may be said to includ 
all three cases. This article uses one general method to give a complet 
treatment of (i) and (ili), and indicates how all results required in (ii) can | 
obtained as special cases of (iii). The following points may be noted : 

(a) The present work is extended beyond the results given by Routh in 
the general case (iii), for it gives the results necessary for the third. ‘ critical 
case § as well as those for the first and second eritical cases. 

(6) The special case (ii) deduced from (iii) serves to correct errors, or, : 
least, very misleading statements by Minchin. 

(c) A simple general theorem is given whick: covers all the critical cases ¢ 
(i); this is not stated explicitly by Routh or Minchin. 

(d) Examples are given showing how critical cases under (i) can be treated 
without any preliminary bookwork, or even more simply by using the genera 
theorem in (c) above. 

All cases of rolling displacement depend upon the fact that the length | 
are s is the same for both bodies when measured from the point of contact 
in a position of equilibrium to that in an adjacent position, and in (ii) and 
(iii) the present method requires s as the independent variable, but in | 
where only a single angle % (in the usual sense) appears, the results ar 
simplified by ithe use of % as the independent variable, though if required 
with s as the independent variable, they may be written down as special 


cases of (iil). 


2. In (i) let A be the point of contact with the horizontal plane of thi 
curve of the cross-section made by the vertical plane through G, the centr 
of gravity of the heavy body, and let axes Av, Ay be respectively the tangent 


and the upward normal to this curve at A. Let (x, y) be the coordinates ¢ 


». J. Routh, Treatise on Analytical Statics, 2nd ed. (1896 and 1909), Vol. | 
pp. 175-180. 
+ G. M. Minchin, V'reatise on Statics, 4th ed. (1889), Vol. LI, pp. 134-139 ; Sth ¢ 
(1915), pp. 86-91. 
t Tbid., pp- 178-180. 
§ ** Critical case ”’ is the term used by Minchin, while Larmor writes ‘* On criticé 
« ‘apparently neutral ’ equilibrium ”’ 
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f,a point on this curve close to A, and let (X, Y) be the coordinates of any 
pint on the tangent at B. The equation of this tangent is 
xX sin ob Y cos us v sin ys Y COS us, 
ere tan % is the value of dy/dx at B. 
If AG =—h, the coordinates of G are (0, h), where h is fixed. 
Hence z=length of the perpendicular from G upon the tangent at B 
x sin us (h Y) COs ws. 
The potential energy of the body in a displaced position, 7.e. with B in 
ntact with the horizontal plane, is Wz, where W is the weight of the body. 
ifr’, 2’, ...,e) denote dx/dpb, d?x/dip?, ..., d"x/dyp", 
dx ds , dy ds i 
. COS Ww, 0 ss Sin yw. 
ds di& ee y Y ds did i r 
Hence 2’=2 cos #- (h—y) sin f+ p(cos % sin f — sin ¢ Cos #) 
x cos % — (h-y) sin ws. 
2 x sin &- (h—-y) cos %4 p (cos? wb + sin? x) 
p-v sin yb (h Yy) Cos us 


P we 
NOM, sss eissusterriicundsthesiiinen (1) 


Let the suffix 9 refer to the position of equilibrium in which a2=0, y=0, 


Then z is a minimum and the equilibrium is stable if 29") vanishes for r= 1, 
B..., (2n-1), and z,2)>0. Using equation (1) and the initial values 


, 


h, zo’ =0, 29’ = po—h, these are equivalent to the conditions 


0 Po h Po Po eee po™ 3), oc ecereccccccccccccccces (2) 
una Big 8 es ehaiia vacieeisuaavapepasstenar ues (3) 
The equilibrium is unstable if (2) holds, but (3) is replaced by ao" v=. 
Taking account of the simplest case 29’ = 0, z9’’> 0, we can sum up by saying 


that for stability it is necessary and sufficient that either py>h, or else that 
h and that the first of po’, po’, --- 5 po’? that does not vanish should have 
reven, say r= 2n — 2, and that p,‘*"~*) should be positive. [It is assumed, of 
course, that all these derivatives of p exist.] A simpler statement is that 
either py>h, or else py =A and is a minimum value of p. 
It is clear that in (i) the ‘‘ critical ’? case of Minchin and Larmor is that for 
which pp=h. This may actually be regarded as a first critical case. A second 
eritical case is given by 0= py —h= po’ = po’, and n successive critical cases are 
given by (2) together with (3) replaced by po@"-*)=0. 

3. A few simple examples of (i) are treated below. 

(a) Perhaps the simplest non-spherical body which leads to an apparently 
neutral or critical case in (i) is that of a paraboloid of revolution with its axis 
vertical,* or a parabolic cylinder with the plane through the axes of all its 
principal sections vertical. Taking the principal section as x*=4ay and B as 
da tan w&, a tan? %), 

hecos f+asin & tan ys. 
“a Asin &/+a sin d&(1 + sec? J). 
t 
e ~h cos +a (cos ob + see f+ 2 see & tans). 


* This example is given by Minchin, 4th ed., p. 139; or 5th ed., p. 91, Ex. 4. 


Hi 
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Hence z,/=0, z,”’ h+2a, and the first critical case arises when / =? 
In this case 2’’=a sin? ¢ (sec + 2 sec® fb), so that 2.’ =90, z!¥ — Ga, and t 
equilibrium is actually stable. 

(b) If the principal section of the body resting on the horizontal plane is 
catenary with its vertex as the point of contact with the plane, s~—ce tan 
p-esce® fs and py=c=h for the first critical case. As p is then a minimu 
for ;— 90, the equilibrium is stable. 

(c) If the body is a cylinder of which the curve of cross-section of the lov 
part in contact with the horizontal plane is part of a cardioid, with A as tha 
end of the axis (or initial line) which is opposite to the cusp O, then, takin 
B as (r, 9), where r=a(1+ eos 0), = 36/2 (measured from Ax), the equatiog 
of the tangent at B referred to Av, Ay as axes is 


X sin %— Y cos f= da(cos 44s — cos pb). 


Hence z=h cos f+ 2a(cos 44s — cos x), 
2 A sin og - Ja(sin dis 3 sin x), 


z h cos  —a(cos 4 — 9 cos p). 


Here z,’ = 0,.z,°’ h+ 4a, so that the value of Ah for the critical case is 4a 
Then 

z’’=4 a(cos % — cos 34), 

a" ga (sin Lis 3 sin us), 

zIV — =1.a(cos 44 —9 cos ). 
Hence 2, = 0, 2," $a/27, and the equilibrium is unstable. 


(d) Some interesting examples of case (i) are given when the princi 


curves of cross-section have certain fairly simple intrinsic equations. Thu 
if s is measured from A, the curves s=hij+ay> and s=hp+asin® f 


Satis! 
all the conditions z,‘"7=0, (r=1, 2, ... , 5), but Zo 


120a, so each of thes 
0, and the equilibriu 
is stable or unstable according as a is positive or negative.* 

More generally, the curves s=hy+a*", s hib+asin®” ys, 8 hub + arf" 
s-hb+asin2"*! 4, where n is a positive integer, satisfy the conditions for 
successive critical cases, but whereas the first two curves are sometimes si 
to give stability for displacements on one side only of the vertical,f the thi 
and fourth curves satisfy the condition z)@"!) 


i) 


curves gives the first and second critical cases, but z, 


0, and so give stability 
instability according as a is positive or negative. 

1. In the general case (iii) it is assurned that the curves of cross-section a 
convex to one another and that, in the position of equilibrium to be consider 
the commor normal at A (a point of the upper body) and C (in the low 
body) is inclined to the upward vertical at an acute angle «. In the displa 
position, with a common normal at B inclined to the vertical at an ang 
1+, the normals at A and B meet in D and the normals at C and B meet 
EK. For the upper body the axes used are Av, Ay, the tangent and the upwa! 
normal at A respectively, while for the lower body the axes are CX, ( 4 
tangent and the downward normal at C respectively, so that for the los 
body X, Y, 4, r correspond to x, y, ys, p respectively for the upper body. | 
is also convenient to use k= 1/p, m= I1/r, u=k+m, 


* If the order of the critical cases is regarded as unimportant, these results 1 


be obtained readily by noting that the values of p are respectively h + 5ayp* 


h-+5a sin* % cos %, so that py is a minimum or maximum according as a is posit 
or negative. 


+ This ** one-sided stability ’’ seems to be actually instability. See § 5 
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Then 
° 


z= V/W = Height of G above C 
ED cos («+ 6) - AD cos (x+- d+ a) — EC cos «+h cos (db + bs) 


+ X 
- pee Cos (« t d) (y +2 cot us) cos (x + d4 is) 
sng sind . 
(Y +X cot d) COS «4 h cos (dh ys) 
x@ sin (x + d is) — y COs («+4 db } ys) th cos (d ys) X sin « Y cos x 
Q-X sina-Y cosa, say. 


e 


Let x cos («+ ¢4 ib) +y sin («+ d +a) —h sin (64 is) Fr’. 


; dz ’ ; ; 
Let 2‘) denote dat? 8° that P uQ +cos («+ ¢); Q’=uP +sin (x+¢). 
s 
Then 2’=uP; 2”=u0cos (2+ ¢)+wP-wQ ; 


2/’’ — 2’ cos (x + d) -—u(u+m) sin (a+ 4) + (uw — u8) P - 3unu’Q. 


ZIV — {3u’’ — w(u? + um +m?) cos (x + h) — (Huw + 8mu’ + um’) sin (x + d) 


(w’”’ — 6u?u’) P — (4uw’’ + 3’? — uw) Q. 
2v {4u’’’ — (Qu? + Tum + 4m*)u’ — (u? + 8um)m’} cos (x + d) 


> 


— {(9u + Om) wu’ + am” + Su’? 


foun’ — u(us \ 


um + um? + m)\ sin (x + dh) 
+ (ulVY — 1Ow2u’’ — 15a’? + w®) P — (Suw’’” + 1lOw’u’”’ — 10uFw’) Q. 
2VI = {5ulV — (19u2 + l6um + 10m?) u’’ — (u® + 4um)in” — (38u + Lim) uv’? 
(9u + 15m)u’m’ — 3um’? 
u(ut + wm + um? + um + m*)} eos (x + d) 


{(14e + 10m) w’”’ + wm’ + (B5w’ + 10m’) 0’? + Bum?’ 


(14203 +- 12202770 + Dum? + 5mn*) wv’ 
(eu? + 3u?m + 6um?)m’} sin (x + ) 
(uw — 1L5we2w’”” — 6Ouw’u’”’ — 15w’3 + 1L5u4w’) P 
(Guay L5ee’w’’’ + 100’? — 208’ — 45020’? +- 8) Q. 


In the equilibrium position, 2=y=0, d=y=0, so that P reduces to 0 and 
Q toh. Hence, taking initial values only, 


2’=0; 2”=ucosa—hu’; 
2’ = 2u’ cos a—u(u+m) sin « — 3huw’ ; 
ZIV — {3 — u(u?+um+m?)} cos « 


— (5uw’ + 3mu’ + um’) sin « — h(4uw’’ + Bu’? — a"), 

Since w> 0, the position of equilibrium is stable if ha<cos x, unstable if 

hu>cos x, and the first critical case arises when hu=cos «. If this last con- 
dition is satisfied, 2’’’ and z!¥ reduce to the forms : 


ver 


s ; 
z u COS a—-U(w+mM) SIN «& 5 
ziv fu’’ + um(u+m)} cos « — (Buu + 3muw’ + um’) sin « — 3hu’. 


* Note that uw and m are now initial values. 
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Thus a further condition for stability in this eritical case is 2’ — 0, and then 
aM fae’ an (ae + ne) COS % — (200 4m’) sin x 


cos a[u’’ + ufin(a+ m) — (wv — m’)} tan x — 3u(a+m) tan 2x].* 


The equilibrium is then stable or unstable according as 2!V is positive o1 
negative, and a second critical case is given when z'V=0. This may be 
investigated by considering the initial values of z¥ and 2‘! given above. 

5. It is obvious that case (ii) is obtained from (iii) by putting «= 0, that 
the first critical case arises when 


hu Re. ce careaa cena trabeiee cuisaanuiaieneela davwaee (1) 
and that a second critical stage is given when this condition is satisfied 
together with SG | aR ae ee are ee ee Pi Wasaceeaecieceae (2) 

et SR CRE I O.. - ocaiccicdwenanswcwauvaciusmoneccinees (3) 


Minchin points out that if (1) is satisfied, (2) may be satisfied if A and C are 
points of maximum or minimum curvature for the upper and lower curves 
respectively, and then obtains a condition equivalent to (3). It is clear, 


however, that (1) and (2) may be satisfied in many ways besides this particular 


one, for wk’ +m’—O need not imply k’=0, m’—0. In an example t 
Minchin states that if (1), (2) and (3) are all satisfied, 7.e. if z,%) =O, r— 1, 2, 
3,4, the equilibrium is stable or unstable according as 2,¥ is positive or 
negative. This is the * one-sided stability ” referred to above, and is actually 
a case of unstable equilibrium, for if the body returned to its initial position 
of equilibrium from a displacement to this side, its kinetic energy in this 
critical position would carry it to the opposite side, from which it could not 
return unless z)¥— 0. The conditions for stability in the second. critical casi 
are thus z,¥ = 0, z,%!> 0. 

Case (i) may be deduced from the general case (iil) by putting « — 0, m— 0, 
so that w—k=1/p, but, as shown in § 2, the results are simplified so much by 
the use of y% instead of s as the independent variable and by the use of thi 
general theorem that p must be a minimum, that to obtain (i) from (iii) is of 
no interest other than as an illustration of the generality of the latter. 

In addition to the references to Routh and Minchin given above, the 
following deal with the subject of this article : 

1. J. Larmor, ** On Critieal or * Apparently Neutral’? Equilibrium ” (1883), 
Collected Works, Vol. 1, p- 2. 

2. A. H. Curtis, Quarterly Journal, UX, p. 41. 

3. KE. J. Routh, Quarterly Journal, XI, p. 102. 

t. Ie. J. Routh, kl mentary Rigid Dynamics, 8th ed. (1918), pp: 364-367 ; 
102-408 ; 417-422. 

I wish to thank Professor H. T. H. Piaggio for the interest he has taken 
in this article since it was first planned several years ago, for checking all 
results, and for an improvement in notation which effects a considerab! 
saving in writing the comparatively heavy results in the general case (iil). 

Ik. UNDERWOOD. 


1459. During the previous night R.A.F. Bisley bombers started large fires 
at Gafsa and Sbeitla. One Bisley gunner reported seeing a large explosiot 
fifty miles from the target.—The Times. [Per Inst. Lt. F. J. North, R.N. 


* These include all the results given in Routh’s Siaties, p. 179. 
t [bid., 4th ed., p. 1389; or 5th ed., p. 91, Ex. 5. 
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A FRESH APPROACH TO THE MATHEMATICAL CURRICULUM 
IN SCHOOLS. 
By C. T. LEAR Caton. 
eing the Presidential Address to the Midland Branch, given on 4th November, 1944.) 


THE urgent necessity for examining thoroughly the content of the Mathe- 
matical Curriculum in all types of schools at the present time is my reason 
or introducing a subject which is becoming a well-worn one, and T hope that 
in the course of the afternoon T may be successful in showing you what I 
believe to be a fresh and more fundamental approach to the problems involved, 
and that by being provocative I may invite a discussion on a very important 


i 


juestion, 

In the course of my teaching career T have been fortunate in having had 
the opportunity of v iewing mathematical education from varicd standpoints, 
and although now responsible for the administration of a fair-sized school, 
[ still spend a good part of the weck teaching mathematics, partly to get to 
know the pupils, but partly also beeause I enjoy doing it ; and [T must confess 
that the longer L go on teaching the usual kind of mathematies that goes to 
form a School Certificate course, the more IT am convineed that what [ am 
teaching the boys and girls is really of very little use to them. To ease my 
conscience, [T have pent some spare moments ré cently looking at a few of the 
various books and articles wherein my mathematical colleagues, past and 
present, have given their views on the value of their subject as a staple item 
of an adoleseent’s diet. I find there an increasing doubt as to the value of 
much of the fare offered. Thus, in algebra, one well-known teacher states 
that on leaving out the inessential parts of the subject, the remainder will be 
insufficient to justify the retention of algebra as a subject in an examination 

School Certificate standard. As regards geometry, there is general agree- 
ment that a considerable reduction of material can be made without loss to a 
pupil’s edueation, Outside the mathematical profession, it has been stated 
r peatedly, for example by the Committee pr ided over bs Sir Will Spens, 
that the time given to mathematics in secondary schools could be substantially 
reduced, Amongst the general public, the significance of the sub ye et is little 
understood, and parents often seck a knowledge of mathematies for their 
children merely because the subject is thought to confer a kind of super- 
natural power, giving the mathematician an intellectual advantage over his 
fellows. 

These facts are symptoms that the existing mathematical education pro- 
vided in schools is failing to meet present-day needs, and that some funda- 
mental changes are overdue. The familiar proposals for modifying the 
syllabus do not in my opinion go deep enough, The method of pruning away 
portions of existing schemes, and grafting in in their place other supposedly 
more useful topies, results in the production of schedules of slightly differing 
content but of the same basic character as the original ones. Usually in these 
attempts, only slight attention is paid to the underlying principles of mathemat- 
ical edueation, and to the faet that we have in our schools to provide for widely 
differing types of pupils. The eurriculum of secondary schools taken as a 
whole has been much overcrowded for a long time; the impending integra- 
tion,of forms of post-primary education will result in more insistent demands 
for the inclusion and emphasis of subjects other than mathematics, and the 
pressure of the curriculum is bound to increase. If mathematics is to retain 
its traditional place, a convincing case for its value as a part of education for 
life must be put forward. Many of us would have difficulty in justifying to 
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an intelligent School Certificate candidate the value of his mathematical 
knowledge, especially if he were leaving to take a job in which mathematics 
was not required, Eighty per cent. of our secondary school pupils leave at 
School Certificate level ; their mathematical education is exemplified by the 
questions set on the usual School Certificate algebra and geometry papers 
algebraic manipulations and equations which lead nowhere, absurd problems, 
geometrical theorems and riders devoid of any connection with reality. Is 
this sort of thing going to help our pupils along in life? What justification 
can we put forward for the inclusion of such material ? 

In my remarks this afternoon, I propose to deal first with the educational 
principles underlying the inclusion of mathematics in the school curriculum, 
next to give my views as to why the present syllabus fails to meet the require- 
ments of these principles, and finally to give suggestions for a more valuable 
type of syllabus. Instead of considering how the present allotment of teach- 
ing time can be filled with a varied, but still ill-assorted, collection of mathe- 
matical junk, [ shall try to classify the types of pupils with whom we have 
to deal, and then endeavour to decide for each type the minimum mathe- 
matical equipment with which they should be provided. If on this basis we 
can build up well-conceived and well-planned schemes of work, mathematics 
can continue to enjoy with confidence an assured leading place in the new 
education. 

I shall consider our pupils as divided into the following five categories : 
(i) future mathematical specialists of university rank ; (ii) pupils with definite 
mathematical ability, who are likely to take up careers in which mathematics 
is required, including technical students, physicists, accountants, and so on, 
and others with a marked mathematical interest ; (iii) pupils of good intel- 
ligence (7.e. capable of taking successfully an examination of School Certificate 
standard), but not especially interested in mathematics, who require some 
mathematical knowledge as part of a general education ; (iv) pupils with low 
mathematical ability, who must have enough mathematical knowledge to get 
along in life (some of these pupils may have considerable aptitude in other 
subjects and may attend Secondary Grammar Schools) ; (v) pupils of low 
intelligence, who can only manage to acquire some rudimentary skill at 
arithmetical computations. This grouping will in itself provide for dif- 
ferentiation between the sexes, relatively few girls coming into the first two 
categories, and the majority of secondary school girls probably coming in the 
third group. Differentiation of syllabuses between the groups there must be, 
as one of our chief failings in grammar schools has been to offer only one kind 
of course and treatment in mathematics for all types of pupils. 

Now in considering briefly the underlying principles of mathematical educa- 
tion, [ wish to draw your attention at the outset to what has been called the 
‘inner’? and ** outer” aspects of the subject. This point has been admirably 
deseribed by Sir Perey Nunn in The Teaching of Algebra: ‘ Mathematical 
truths always have two sides or aspects. With one they face and have con- 
tact with the world of outer realities lying in time and space. With the other 
they face and have relations with one another. Thus the fact that equi- 
angular triangles have proportional sides enables me to determine by draw- 
ing or calculation the height of an inaccessible mountain peak twenty miles 
away. This is the first or outer aspect of that particular mathematical truth. 
On the other hand I can deduce the truth itself with complete certainty from 
the assumed properties of congruent triangles. This is its second or tnner 
aspect.”’> No doubt referring particularly to grammar school pupils, Sir 
Perey govs on to say: ‘ Our purpose in teaching mathematics in school 
should be to realise, at least in an elementary way, this twofold significance 
of mathematical progress. A person, to be really ‘ educated ’, should have 
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n taught the importance of mathematics as an instrument of material 
nquests and of social organisation, and should be able to appreciate the 
ue and significance of an ordered system of mathematical ideas.” 
[The Association’s report, revised in 1928, on The Teaching of Mathematics 
Public and Secondary Schools, subdivides the first or “ outer”? aspect into 
utility ’ aspect and an ** outlook ” aspect. After enumerating some of 
contributions that science has made to civilisation, and pointing out that 
ithematics lies at the root of the sciences, the report goes on to state: 
We assume that the majority of pupils will not make any extensive or 
found use of mathematics in after-life, that they will not even be able to 
low in detail the mathematical methods of engineering and applied science. 
it they can be taught so that a vista is opened up to them through which 
y can see the tremendous potentialities of the study whose clements they 
mastering. They should be brought to the stage from which a broad 
pneral view may be obtained over the country of applicd mathematics ; 
| they should be shown the beginnings of a few of the roads which lead 
rough this country. A public must be created able to realise what science 
{mathematics are doing for the world, and to form some general conception 
the means employed.” 
Now if such is to be the objective of our mathematical teaching from the 
utlook ’? point of view, how far is this being reached in our schools? For 
eighty per cent. of our boys and girls who leave school at the School 
ttificate stage does the present course, as measured by the questions appear- 
gon their examination papers, give any idea at all of the way in which 
mathematics lies at the root of such material conquests? Of course, a few 
rtions of the syllabus have an “ outlook”? value—unfortunately, these 
bually occur in the optional parts of the syllabus, as for instance numerical 
gonometry—but in the ordinary run of school algebra and geometry, the 
pil has little chance of forming an impression of the way in which his 
ithematices has helped the world along. *Can he be blamed for thinking 
it the theorems he has learnt and the riders he has tried to do, the juggling 
mith algebraic fractions and the solving of fantastic problems, the calculation, 
rexample, of the area common to two pennies with centres placed one inch 
rt—that all this is useless mental lumber of no avail to him personally in 
»(unless he be set upon a mathematical career), and the use of which to 
inkind, if any, is a sealed book to him? Can we not svmpathise with many 
four pupils for finding more value and interest in the study of other sub- 
cts? Can we not understand the viewpoint of School Certificate Examining 
ards which have decided to remove mathematics from the list of essential 
ibjects for a Certificate ? 
If the ‘* outlook ”’ value of the work usually done is so slight, is the subject- 
itter of school algebra and geometry worthy of retention for the sake of its 
nner’ aspect? It is obvious that a knowledge of the basic concepts of 
gebra and geometry, for example the use of letters and symbols, acquaint- 
ice with planes, lines, points, angles, is a necessity for pupils in all types of 
hools, but the justification for the inclusion of the usual structure of theorems 
id riders must depend on the value of its ** inner” aspect, especially as the 
utward ’’ aspect really receives but little of our attention in teaching. It 
Fithe ‘‘ inner ”’ aspect, the way in which geometrical truths face one another, 
iwhich we concentrate. The traditional grounds for including this in the 
rriculum have been ably summarised by Mr. G. St. L. Carson in an essay, 
le Educational Value of Geometry, published in 1912. Mr. Carson points 
that geometry is unique among the sciences in that its basis is to be 
ind in facts agreed by common experience, as opposed to facts derived 
tom experiment, and he goes on to assert that the subject supplies a useful 
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training in the art of deduction, the full sequence of processes being as follows: 
(1) the separation of essential from irrelevant considerations involved in thy 
appreciation of points, lines, planes and their mutual relations. (2) Tl 
erection on this appreciation of continuous chains of reasoning, one result 
leading to another in such a way that each chain can be comprehended as 4 
whole and its construction realised as fully as that of each separate link 
(3) A discussion of the interdependence of the various premisses and their 
precise statement. Mr. Carson adds, “‘ Since some such sequence is Common 
to every form of human construction, the educational value of a subject 
which provides a training in these processes is indisputable.” 

Now | feel that [ must challenge this last statement. Does the geometrica 
training give in fact the benefits claimed in other forms of human constru 
tion? Does the reasoning of the pupils in other fields correspondingly improve 
To these questions [ think we must give a plain ** No” for an answer. T! 
truth is that geometrical material differs from real life situations in that itis 
highly simplified—in fact, a part of the training of an applied mathematici 
consists in giving practice in simplifying data so as to make them suscepti 
to mathematical analysis. The purpose of Euclid’s geometry was to set uy 
a particular kind of logical structure, the aim being to reduce the number ¢ 
postulates to a minimum and to introduce each at as late a stage as possib 
The material was deliberately so ordered and arranged as to exhibit tl 
required type of structure. Situations in life are totally different ;_ tl 
material cannot be selected and the situations ordered and analysed. lik 
geometry. A variety of other factors enters into consideration, and. thd 
logical aspect— usually of minor importance—cannot be isolated. It is wi 
known that those who have had a long and specialised mathematical training 
are frequently quite unable to deal competently either with a practi 
situation depending on successful argument, or even with the type of reasor 
ing required in other branches of intellectual activity. The value of logi 
training in education has been over-rated—it has limited practical usefulnes 
it does not lead to productive thinking, and it is ill-suited to the personalit 
of boys and girls of school age. Some secondary school pupils may deri 
benefit from the study of geometry in the later years of their course, whe 
their reasoning powers develop, but the present prominence given to t! 
subject cannot be justified. 

The position of geometry is further weakened by two other considerations 
In the first place the modern pedagogical tendency to base the subject on 
wide series of intuitions negatives the very principle for which Euclid’s g: 
metry was set up. Suecess in school geometry can be assured by a memor 
well stocked with geometrical facts, plus the ability to appreciate very simpli 
and short chains of reasoning, and by a painstaking learning of the theorem: 
The new geometry syllabuses being produced do not in any way alter 
These facts in themselves are not an important. piece of knowledge, and t 
time spent in acquiring them is largely wasted except for future professiot 
mathematicians. The art of reasoning could be practised on data of great 
intrinsic value. The retention of the usual proofs of the theorems, many 
which can be established in a line or two by trigonometry, for example, is! 
more than the holding on to remnants of a structure which in effect has lon 
been abandoned. Secondly, Euclid’s structure itself has revealed crac 
under the searching analysis of modern mathematicians ; the structure d 
not rest entirely on the premisses, but also depends on observation in a subt 
way. Unfortunately for the logical training, this is evident to our pupii 
No doubt most teachers are familiar with the fallacy in Mr. Rouse Ba 
Mathematical Recreations and Essays wherein it is proved that a right ang 
is equal to an angle greater than a right angle. Each step is a correct lim 
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in a chain;of reasoning usual in riders, and yet the result is false. Some 
factor other than logic is involved. If an accurate diagram is drawn, observa- 
tion will supply the missing factor. As in life, the correctness of the conclusion 
depends on accurate observation as much as on sound reasoning. The school- 
girl put her finger right on the spot when she stated, “ I can prove the 
triangles congruent, but they aren't.” In other words, the pupil's intuitive 
distrust of geometrical arguments which ** prove the obvious ”* is well-based. 
He is right when he thinks the evidence of his senses superior to a geometrical 
demonstration, and considers the latter a mere tissue of words. We are wrong 
in so far as our teaching induces him to rely on reasoned arguments, and such 
training can be destructive of correct, as well as of productive, thinking. 

The educational benefits claimed for geometrical training disappear on 
analysis. The dethronement of Euclid has left behind a hollow structure, 
The subjeet, apart from a core which needs to be retained, does little if any- 
thing to show how mathematics affects the progress of civilisation and how 
it lies at the root of the sciences, and its:internal value is very limited. In 
other words, our pupils learn nothing very much from the methods, and the 
results when they get them are of no use. The case for the retention of the 
bulk of the algebra course Is even weaker. Its outward-facing aspe et cannot 
be appreciated within the limits of the school course. Most of the work is a 
training in technique for the future mathematician or technical student, and 
is devoid of meaning and aim for pupils who leave at School Certificate stage 
to enter non-mathematical occupations. In its inner aspect, algebra as taught 
is devoid of structure, being a collection of miscellaneous methods of manipula- 
tion having no general educational value. [suggest then that the method of 
patching the present syllabuses in geometry and algebra cannot possibly mect 
the situation, and that it is better to throw overboard completely algebra 
and geometry in their existing forms and to consider afresh what parts of 
mathematics are of value for our five categories of pupils. 

Sccondary Grammar Schools will contain pupils in all of grades (1) to (4); 
those in category (5) are not likely to enter such schools, but will be allocated 
to ** modern schools”? where they will be given a course in arithmetic, treated 
from the strictly utilitarian viewpoint. Children in categories (1) to (4) will 
be distributed over several types of secondary schools, and all these pupils 
should receive, in addition to their arithmetic training, a course in the basie 
concepts of algebra and geometry. This course would include the mathe- 
matics necessary for leading the life of an ordinary citizen in the modern 
world, and an atte mpt would be made to give the work as much ** outlook ”’ 
value as possible. We ought to include, for example, the use of symbolism 
in algebra, the means of substituting in a formula, an idea of directed number, 
some treatment of graphs, an acquaintance with mathematical deviees such 
as logarithms and the slide rule, and a training in the use of mathematical 
tables. Some simple equations and the * I think of a number...” type of 
problem would be worth doing (at the least, these enable the pupils to get a 
lot of fun out of the puzzles in the newspapers!), but not much in simultaneous 
or quadratic equations or factors. The ideas of a rate of change and an 
integral would have to come in for all pupils. In geometry, an acquaintance 
with concepts, three-dimensional as well as two-dimensional, would be made, 
that is to say, planes, angles, lines, and so on ; practice in the use of mathe- 
matical instruments would be given; the idea of similarity would be intro- 
dueed—in fact, all that comes into a good ** Stage A” course, plus, perhaps, 
one or two high-lights such as Pythagoras’ and Pascal’s theorems treated in 
some way—little or no formal proofs would be given, but demonstrations 
(for example, of the angle sum of a triangle) would be appropriate to the 
course. Congruence (one of the chief methods of proving the obvious) is an 
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instance of what would be omitted. Finally, elementary trigonometry would 
have a place in the scheme. 

These subjects of algebra, geometry, trigonometry, and so on, must be 
completely fused—they must not be dealt with in consecutive chapters in the 
textbooks—practice material would be included, numerical examples. in 
geometry, practical training in drawing and measurement, and so forth. The 
first aim of the course being to assist a pupil in getting along in life, the 
methods taught must be those which are simple and practically useful, easily 
understood and therefore easily remembered ; whether they are the best for 
illustrating the mathematical theory, and the most easily deducible from it, 
will be of secondary importance ; examples worked by the pupils will be 
chosen to give clear illustrations of principles and method, “ artificial ”? rather 
than “ practical > examples being quite acceptable, provided they are clear, 
interesting, and show up the methodsewithout confusing complications. Sub- 
sequently, examples showing the applications of the mathematics to practical 
life will be included in order to achieve the second aim of showing forth the 
way in which mathematics has helped to advance civilisation and the sciences, 
The “ outlook ” aspect will influence throughout the whole choice and treat- 
ment of topics to be included in the course. In addition, the minds of our 
teachers must be well stocked with information regarding mathematical 
history, so that their lessons can be enlivened with a broader interest, and the 
contribution that mathematics has made in the past can be brought out 
incidentally in the teaching. 

In this way an interesting syllabus could be worked out which would give 
at the same time a practical and a cultural training. With a suitable approach 
it could be made to appeal to and be assimilated by girls and boys of ages 
11 to 14 years in all types of post-primary schools. In Secondary Grammar 
Schools most of the work could be covered in four or five periods a week in 
the first three years, the rest being taken in a smaller number of periods in the 
remaining years, and the subject being examinable in School Certificate under 
some such title as ‘‘ Elementary Mathematics I’, to be taken by almost all 
candidates. The course would provide essential intellectual equipment. for 
every intelligent citizen of the modern world. 

We have next to consider what additional mathematical work should be 
taught to boys and girls in category (3), that is, pupils at Secondary Grammar 
Schools who are not particularly mathematical, but who need to have some 
mathematical training as part of a general education. Why is mathematics 
regarded as an essential part of a liberal education for our more intelligent 
children? The answer to this question has been well expressed by Sir Percy 
Nunn in his book Education ; its Data and First Principles: ‘‘ A subject 
such as Mathematics represents a tradition of intellectual activity that has 
for centuries been directed towards a special class of objects and problems. 
In generation after generation, men, sometimes of outstanding genius, have 
studied these objects and worked at these problems ; accepting, correcting, 
expanding the methods and knowledge of their predecessors, and handing on 
the results of their own labours to be treated in the same way. Thus has 
grown up a distinctive type of intellectual activity, exhibiting a well-marked 
individuality, and informed by a characteristic spirit... .°’ Now it is the 
special function of the Secondary Grammar School to introduce its pupils to 
these well-marked types of intellectual activity. Here we have to deal with 
mathematics in its inner aspect, to consider its structure—the way in which 
its truths face one another. This is the significance of the sequence of pro- 
cesses described for the particular case of geometry ; the selection and 
clarification of concepts and premisses, the erection of continuous chains 


of reasoning. The characteristic activity of mathematics is the ordering of 
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material—the setting up of a structure. The difficulty is to select material 
show this characteristic activity which is within the scope of boys and 
rirls aged 15 and 16 years. As A. N. Whitehead says in An Introduction to 
lathematics : “* The study of mathematics is apt to commence in disappoint- 
nt. The important applications, the theoretical interest of the ideas, the 
gical rigour of its methods, all generate the expectation of a speedy intro- 
ction to processes of interest. Yet, like the ghost of Hamlet’s father, this 
it science eludes the efforts of our mental weapons to grasp If. The reason 
r the failure of mathematics to live up to its reputation is that its funda- 
ntal ideas are not explained to the student disentangled from the technical 
rocedure which has been invented to facilitate their exact presentation in 
rticular instances. The unfortunate learner finds himself struggling to 
juire a knowledge of a mass of details not illuminated by any general con- 
ption.”’ It is this general conception that somehow we have to bring to the 
re. The traditional attempt has been made through the subject-matter of 
uclidean geometry, but I have already explained the grounds for my opinion 
it this may not be the best material for the purpose, even if its study is 
ferred until an age when powers of reasoning begin to develop. Euclid’s 
pometry is 2000 years old, and it is likely a priort that in this interval other 
re suitable branches of mathematics will have sprung up. Further, the 
ily of geometry or any one branch of mathematics is altogether too narrow 
field to show any general conception. In addition, the study of geometry 
es not make much contact with the more recent stretches of mathematical 
velopments. The mathematical country is now a very large one, and with- 
it losing sight of our primary aim to exhibit the characteristic activity of 
athematics we want, if we can, also to lead out pupils along several roads 
nto the territory, particularly towards the most interesting and profitable, 
pid the more newly explored portions of the country, and to give them a 
rd’s-eye view of the whole. 

[suggest then that instead of limiting the work to geometry we make a 
ist of several topics, each of which illustrates the characteristic mathematical 
tivity. Several of these, possibly not all, will be studied in each school, 
fome of the topics must be studied in some detail and with thoroughness, 
snecessary degree of technical facility first being acquired, so as to give 
ficient depth to the work and to enable the vital nature of the mathematical 
hught to be properly apprehended and assimilated. At the same time, 
fitention must not be confined to technical detail, the general conception 
bust be kept steadily in view. The topies must also be pursued far enough 
)show where they are leading; we must not repeat the mistake of the 
resent algebra syllabus, and provide something the ultimate value of which 
rill only be seen by those who stay on at school for advanced mathematical 
ses. Any way in which the topics make contact with the external world, 
bow or in the past, will naturally be explained by the teacher. 

sy way of illustration, I think that suitable approaches could be worked 
it for the following topics, to be taught to pupils in their last two years 
‘fore taking the School Certificate examination and after completing most 


{the basic course already outlined : 

(2) All boys and girls are very interested in the fact that it is possible to 
ilculate z to 100 places of decimals, and wonder by what method logarithms 
nd cosines can be determined to any desired degree of accuracy. Infinite 
Mries is a branch of mathematics of vast importance ; it is well adapted to 
thibit the way in which mathematicians typically handle their material ; it 
#8 an obvious and wide * outlook ”? value. 

(6) Generalisation of Number is another topic of great mathematical 
Mportance. A course could be presented showing the successive introduc- 
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Additional Mathematics ” for the Sceondary Grammar Schools, the Toeh 
cal High School students no doubt having a suitable examination of their 
m. ‘This course in Additional Mathematics will be es entially vocational, 
and will aim at giving the future mathematician or accountant or physicist 
what he needs for the further deve loprna nt of hi ibject. We must provide 
for the requirements of science students at School Certificate level, for pupils 
o will leave at thi stage to take up careci involving mathom ical work, 


bs well as giving a technique for those who wish to follow mathematics or 
(physics courses in the Sixth Form. Surely this is the pleee to insert the 
Baanipulative work in algebra. [ think the Pure Geometry could mo tly be 
left to the Sixth Form; it would be more useful to inelude clomontary co- 
rdinate geometry and calculus and some algebraic trigonometry in the 

Advanced Mathematics ”? syllabus. \ mathematical treatment of ne 
branches of applied mathematics must also be given. ‘The ibjects could 


#ll be treated without too great stress on cither rigour or metrory work — for 


sample, proofs of formulae in trigonometry need not be learnt-—the aim 
being to acquire a reasonable degree of technical facility in as broad a field 
possible. This would leave th pecialist mathematician in category (1) 


with a good foundation on which to base a study of mathematics with full 
figour in the Sixth Form where this properly belong 

Sixth Form work leads through Entrance Scholarship and Higher Sehool 
ertificate Examinations to the Universities, and in consequence the content 
ity require- 


fSixth Form mathematies will largcly be determined by Univer 
ments. Very good suggestions have been made recently for mathematics 
ourses for Physics students and scientists in the Sixth Form, and [do not 
ropose in this paper to deal with such work. The urgent problems are 
meerned with the pupils below Sixth Form level. [n 1871 this Association 
recceded in awakening interest in the presentation of Kuclidcan Geometry, 
which resulted in a profound improvement in the teaching of mathematics 
Pererally in schools. The time has come for it to take the lead again, to throw 
ff the shackles of the past, and to replan the mathematics courses in all 
ypes of schools to fit in with the new educational structure and to contribute 
more effectively to the needs of the post-war world. In this process [ hope 
r Branch will be able to play its full part in originating, in stimulating, in 
mspiring. In a short address [T have been unable to do more than throw out 
bfew suggestions, but if there is anything in what LT have said which will 
ontribute to this goal, [ shall be amply repaid for the task of preparing this 


bape r. Cc. E. ta 


1460. I shared from the first the aversion which nearly all the most intel- 
went men [T have met sinee have had for seienee, and most of them for 
wthematices.... It is true that T was very badly and unsympathetically 
ught in both mathematies and science. Not bad at arithmetic and algebra, 
had no aptitude for or interest in geometry. LT had no logical faculty : or 
ither, it was never aroused at school; all’ that came later with maturity 
lL the enadle discussions of undergraduate life at Oxford. A. L. Rowse, 
{Cornish Childhood (Cape, 1942), p. 174. [Per Mr. Fk. W. Iellaway.] 

1461. “She had had to doa chest tap. Chest taps ...were almost as Common 
sspinals. But she hadn’t been able to stop thinking of the one person in a 
housand who, for some mysterious reason nobody understood, went out like 
light during a chest tap. ft was an idiotic thing to worry about, one in a 
housund or less than a thousand. ..2?-—Hannah Lees, Women will be Doctors, 
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42, p. 90. Our italics. [Per Professor fh. H. Neville. ] 
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1827. A geometrical construction for the triangle in Note 1740. 
Let the bisector of the angle A meet BC in D, and let J and J, on 4] 
and AD produced be incentre and excentre. Then it is known that : 

(i) the perpendicular AL on BC is inclined to AD at an angle }(B -( 
thus AD is known. 

(ii) the projection of J7, on BC=b-—c; thus JJ, is known. 

(iii) /B1,C is a cyclic quadrilateral, the centre of the circle being the mid 
point of J/,. 

(iv) A and D are harmonically conjugate with J and J,, and therefore t! 
circles on AD and JJ, as diameters are orthogonal. 





Cc 
Y 
R 
| D 
L 
A 
B 
K 








Hence the following construction : 

On a straight line AX set off AL=p, LH=3(b-c). Draw AY so tl 
LNAY=3(B-C). Through L draw a line perpendicular to AL cutting 4] 
in D. Draw DK perpendicular to AY and H& perpendicular to AX. Wit 
centre MW, the mid-point of AD, and radius WK describe an are cutting 4] 
ink. Then acircle, centre R, and radius equal to AD will cut the line throug 
Land D in B and C. 

The analytical result given in Note 1740 can be simplified by introduciy 
a subsidiary angle ¢ defined by the equation tan ¢=(d/p) cot 6. It will tl 


be found that sin }4 =cos @ tan 34. S. G. Horse 
1828. Note on Dr. E. A. Maxwell's article (Gazette, XXVIII, May, 194 
p.- 51). 


1. A good deal more can be got out of Dr. Maxwell’s article on ‘* A Doul 
Infinite System of Cyclic Quadrilaterals ’’, in the May Gazette. It is propos 
here to make easy deductions and to call attention to some difficult ones ! 
others to tackle. The present writer does not wish to keep all the fun | 
himself. 





shov 
tion 
D 
a 
take 
eque 
in a 
Li 
vi 


or 


Mult 
The 


or 


and 
Whe 
thes 
to o1 


Hi 
thro 
Viz. | 
to P 

3. 
§ 2-3 
inter 

18 

In 
Jaco 
with 
fund 


on Al 


so tl 
tting AJ 
KX. Wit 
iting A] 
> throug 


rroducll 
will tl 


LORSLI 


ay, 194 


A Doul 
propos 
b ones ! 


he funt 





MATHEMATICAL NOTES 119 


In the middle of p. 51, the equation 


{(a—b)S—X?4+ V3/(AS-XY)=p 


shows by inspection that 2’ passes through the foci of S=0, since their equa- 
tions are S=(X? Y?)/(a—b)=XY/jh. 

Dr. Maxwell makes no mention of the case when S=0 is a circle. Here 
a=b, h=0, and so P,P, subtends a right angle at its centre. We can thus 
take the joins of P, and P, to the centre as axes of coordinates and find the 
equation of the cireumcircle of the quadrilateral of tangents from P, and P, 
in a simple form. 

Let P, be (x,, 0), P, be (0, y,), and the circle be 2? + y?-a*=0. 

The equation of the pair of tangents from (2,, 0) is 


(a? + y? — a®) (aw? — a?) — (wx, — a?)? = 0, 

or a*x* + (x? — a*)y? + 2a°x x7 - a*x,?= 0. 
Similarly the pair of tangents from (0, y,) is 

(yi? — a*) a? — a®y? + 2aty yy - aty,? = 0. 


Multiply the first equation by y,*, the second one by x, and add the results. 
Then the required circle is 


(a ,°y 7 — a°x,? — a®y,*) (v2 4+ y?) + 2Zarr yy, (TY, + YX, — 2yY,)=9, 


] l ] x 2 
or ( se :) (a?+ y7) +2 ( + J 1) 0, 
oe rt 4g . XL, Yy 


and the radical axis of this circle and #?+y?—a?=0 is parallel to P,P. 
When P,P, passes through a fixed point (a, y2), so that 24/7, + Y2/y,- 1=90, 
these circles will presumably have an envelope, the discovery of which is left 
to others. 

2. We can also easily find the corresponding circumcircle for y* — 4ax= 0, 
and it is more convenient to take the focal chord on which 2, and Py, lie as 
z=a+my. The equation of the tangents from (x,, y,) is 

(y,? — 4ax,)(y? — 4ax) — {yy — 2a(x+2,)}=90, 
or wy? — yy ry + ax? + (y,? — 2ax,)x-—xryyyt+axr,?=0. 

Similarly for those from (a, yz). Multiplying the first equation by y., the 
second by y,, subtracting and putting 7,=a+my,, 7,=a4 niy., we obtain 


> >) 


as(a a)*-+ y*3 YiYo(x my + am*). 

Hence if P, or P, is fixed, and the other varies along a fixed focal chord 
through P, or P,, these circles form a coaxal system with real limiting points, 
viz. : the focus (a, 0) and the point (—a, 2am); the radical axis being parallel 
to P,P. 

3. The same problem for the interchangeable rectangular hyperbolas of 
§ 2-3 in the article must be very difficult to solve, but there is probably an 
interesting set of circles common to both. N. M. GIBBINs. 


1829. Further notes on elliptic function theory. 

In an article in the Gazette for May, 1944, it was shown that the theory of 
Jacobian Elliptic Functions can be developed in a simple, direct manner, 
without using sigma or theta functions. No proof was, however, given of the 
fundamental relation 

QI) Oy =ING Wg os 0rcccccerservveccecerseresesceseeees (1) 
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in Neville’s notation (esa, -uvdsw, in the notation of the article). v is here 
defined to be 7 or — 7 according as w,, @,, w), Come in a positive {anticlockwise} 
or negative [clockwise] order around the origin in the Argand diagram. 

This may, however, be proved by a simple contour integration. Consider 
the parallelogram RSTUVW, where 


R= -U=-w, S=-V=o,, T= -W=wa,- oy}. 


This parallelogram, with the sense RSTUVWR, surrounds the origin once 
in a positive or negative sense according as v ior z respectively (Fig. 1). 


T S R 














U V WwW 


Thus, since fjz has a pole of residue 1 at 0, and no poles elsewhere in the 
parallelogram, 


RM MU ae Fet ast cosh smeacummanveons (2 
lasre vivre 


Now by the relation fj(z+2w,)=f/z the parts of this integral along the 


sides 77U, WR sum to zero; while by the relations f7 (z+ 2w,,) fj z=f7 ( -2) 
the four integrals along RS, ST, UV, VW are all equal, and hence by (2) 
each is $v, 
| Mi RE BU a Jc chcc cov ess caenien eneedossu eon nateon (3 
~h 


But the indefinite integral of fj z is In(qjz+hjz),* as is obvious on dif: 

ferentiation. Substituting in (3) and simplifying by the relations 
J) Wy 0 hj wp; 

we get 

a Ingj wp, —Inhj w, = hv, 
which is equivalent to (1). 

[It seems worth while also noting some simple forms of the addition theorems. 
Wilkinson ft has shown that if #+y+2=0, then 


GED GERO ZG CEG YL 2HOn socovesiornsesvacaveasesasee (4 


(For the left-hand side may be seen to be for fixed z, an elliptic function of 


without poles, 7.e. a constant independent of a and y, and, by symmetry, of 2. 


Putting = w,;, y= wz, 2=w,, we find its value to be 0.) 


* In —log. nat. 


t Proc. 5th Inter. Cong. Math. (1912), 1, p- $07. 
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By permuting 2, y and z we get six equations like (4), which may accord- 


ingly be considered as six linear equations for the three unknowns 


fjz fi(e+y), giz, hjz, 


which have accordingly a great number of solutions. But these solutions 


may be considerably simplified in form by bringing in the function 


F( vr) d In fj x da q) Cs hj Jd ‘fi Uy cvcccoccccevccccsecscee (5) 
ind similarly G(x), H (x). 
These functions #’, G, H are of some interest on their own account : they 
ll have the same primitive periods 2wy, 2g, Zo, 5 and 


GH =(fj x)*, 
P(H -G)=q,,?, 
gaethje=F (ke). 
As > unknowns ”’ in the equations we use fy =f) («+ y)/f7 (x) f7(y), and go, ho 


similarly defined. 
Equation (4) then takes the form 


Ba eg Ce Ba eae cacicdescssensecsasicnuenn nie (6) 
with five other similar equations on permuting x, y and also f, g, h. 
Some forms of the solution of these equations are (omitting brackets for 
clearness) : 
fo= (Fa — Fy)/(GvHx — GyHy) 
(l+f,?/HxHy)/ (Gu + Gy) 
(1 J Be GuaGyHxHy) (Fx Fy), 
while f7(w+y)=fofi x . fj y. Cepric A. B. SMITH. 


1830. Jllustration for x°=1. 

The average child is probably inclined to view with suspicion this curious 
result of his study of index laws in the algebra class. Teachers may like to 
know of a concrete way of illustrating it. 

A fairly large sheet of uncreased paper, rectangular in shape, is folded 
repeatedly so that each fold divides the surface into two equal rectangles. 
The class is asked to observe that if the sheet is opened out again after any 
folding operation, it is found to be divided by the creases into a number of 
parts equal to some power of 2. Thus 1 fold gives 2! compartments, 2 folds 
give 22 compartments, and so on; 7» folds give 2" compartments. It only 
remains for the class to realise that for the original unfolded sheet nm was 
equal to zero, and that it contained | compartment, for it to be convinced 
that 2°=1. 

In a similar way, if each folding operation consists of dividing the rect- 
angular surface into 3 equal rectangles, it can be shown that on opening out the 
sheet after 1, 2, 3,..., operations, the sheet is creased into 31, 32, 3%, ..., 3” 
compartments ; and again n=0 corrgsponds to the original uncreased. sheet 
having a single compartment. Hence 3°= 1. 

The extension, on similar lines, to the case 2" (where each operation con- 
sists of folding the surface into « equal areas) is a simple matter for the 
teacher. Here again n=0 corresponds to the unfolded sheet having | 
compartment. WY tore Moe 


1831. ‘A minus and a minus make a plus.’ (See Notes 1622 and 1724.) 


There are four distinct cases, each requiring its own treatment. 
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(i) a-(6b-—c)=a-b+e. 

This applies to signless (as well as directed) numbers, and is therefore th: 
first to be met. It is one of a family of arithmetical theorems, viz. : 

a+(b+c)=a+b+e, 
a—(b+ic)=a-b+¥e. 

To single it out as quainter or less obvious than the others is to ask fo 
trouble. One lesson should convince any normal beginner of the almost 
obvious truth (for signless numbers) of these theorems: the best method is 
undoubtedly Mr. Langford’s (Note 1622) geometrical illustration followed b 
numerical examples. Immediate application, to the solution of easily (an 
independently) checked problems, helps to clinch the matter. 

(i) a-—(-b)=a+b. 

Here again we have one of a family, which should be dealt with as a family 

a+(+b)=a- (+b). 


These apply only to directed numbers. Addition of such numbers shoul 
(L suppose) be dealt with by considering the addition of displacements on a 
line. Subtraction follows, as the answer to the question, ** What must | 
added to y to make w?” A series of numerical examples will then soon mak 
it clear that the subtraction of a directed number is equivalent to the addition 
of the corresponding number of the opposite sign, and vice versa. The analogy 
between a-—(+b)=a+(+ 6b), which enables us to convert subtraction t 
ap a q 
> q b j 4 
division to multiplication in fraction arithmetic, is worth mentioning : but 
like all analogies (e.g. Mr. Stewart’s analogy with the logical double negative 
Note 1724 (d)), it should appear only after full conviction has been reached 
in order that there may be no suggestion that it constitutes any sort of proof 


addition in directed arithmetic, and enabling us to conver 


I was myself, when young, imposed upon by the following : 


‘We know a (b c) a b+e. 
(putting b= 0) a-—(0-—c)=a-0+¢e, 
2.€. a-(-c)=a-+ ec.” 


The retailer of this sophistry, who should have been put in prison for leading 
children astray, was inordinately proud of it: the kindest suggestion one cat 
make is that Nature had denied him the intelligence required to see throug! 
it. 

(ili) (—a) x (- 6) =(+4+ ab). 

It must be rnade clear from the first that this is a definition, not a theorem 
(+ a) x (4-6) is, when it first appears, a meaningless combination of symbols 
like “ CUG”. We can, if we choose, give it a meaning-——any meaning whicel 
suits our convenience. The meaning we do give it is (ab), according as tl 
signs of the factors are the same or different. It is nonsense to tall of provi 
that (—1)«(—1)=(+41); all that may legitimately be done is to give th 
reason Why we have decided that it shall be so. The reason is, of course, that 
we wish to have one set of general rules applic able to all our different aritl 
metices —signless, fractional, directed and (later) complex —not a different set 
foreach. The rule * distance =speed « time ” still holds (in a slightly modifie 
form) with directed numbers, if, and only if, we define multiplication in 
certain way *: but there is no objection to defining multiplication in som 
other way, provided we are prepared to work with a different relation betweet 


* I take this excellent example from Elementary Algebra, by Siddons and Daltry 
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listance, speed and time when directed numbers are involved. Similar 
remarks apply to such rules as a—.2#(b+c¢)=a-—.2b— xe, already known to be 
true for signless numbers. It is instructive to adopt (temporarily!) some 
ther definition, such as *‘ the sign of the product shall be negative unless 
both factors are positive ’’, and to show that with this definition a new set of 


: . ; “@ Dp ap”. _— 
rules for the removal of brackets is necessary. — x is also a defini- 
a) q by 
awe rea “a p @+p" 
tion: it is easy to show that the definition 
; b q b 
no logical objection) would render the rule ‘“ area of reetangle = breadth 
length ’ inoperative for fractions, and demand a new one. 
The dangerous fallacy lies in inverting these arguments ; In assuming that 
the old rules must of necessity remain true with the new numbers, and 
proving ” from this assumption that $ « |=} or that (-— 2) x (—3)=(+6). 


The arguments (6) and (c) of Note 1724 both involve this fallacy. 


(to which there is 


(iv) ( a) +a. 

Here (—a) is a conventionally shortened form of (— 1) x (—a@); and we 
have a special case of (iii). 

It is incorrect to treat these different cases as examples of the operation of 
:single rule : they exemplify three distinct rules, and the resemblance is only 
superficial. Confusion must, therefore, result from using some compendious 
and barbarous) slogan, such as ** two minuses make a plus ”’, to cover them 
all. In any case the slogan is untrue. In (i), e.g., we have a minus and a 
minus making a minus and a plus, not just a plus. And: *‘ Please, Sir, a 
minus and a minus make a plus, so why isn’t 1-2 equal to +3?” 

La... W bs EOE. 

1832. Centre of pressure. 

\s a boy at school [ used this rule to remember the position of the centre 
if pressure of a body bounded by straight lines with one point (or line) in the 
surface of a fluid. 

Express the position of its ¢.G. in its lowest terms and add 1 to the numerator 
nd denominator. 

Eg. reetangle c.c. 4 way down, 

c.P. § way down. 

Having not met anyone in the last twenty-five years who knows it, [ am 
writing to enquire if it really is as well known as it ought to be. 

The mathematics behind it is interesting. Its limitations are obvious. 

D. A. GRENFELL. 

833. On Note 1737 

Laccept Mr. Ramsey's correction requiring the rate of change of momentum 
to be written as MdV dt rather than d(.M/V)/dt in my note in the Gazette of 
February, 1944. There appear to be two points of view. Either we write, 
ior ¢ xample, 


MdvV /dt F-—F’, where F’=m(V v), 
l MdV/dt+m(V ) F, 


regarding the former equation as representing the motion of the engine, and 
the latter as the equation of motion of a system consisting of the engine and 
the matter m . dt about to be attached. [t is, perhaps, worth while to note 
that, considered in this way, the equations under discussion are merely 
expressions of D’Alembert’s principle. H. LANGDON-DAVIES. 
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1834. On Note 1753 (Asymptotes). 

The appropriate method of finding the asymptotes of a hyperbola depends 
upon the point of view. What 7s an asymptote ? 

(i) Note 1753 regards it as the limit of a tangent. Is there any advantag 
in the use of see @ and tan é? With an ordinary algebraic parameter th 
tangent is (1+ &)a/a— 2ty b- 1-l and t> l, t— I vive the asymptote 

(ii) If an asymptote is defined as a tangent at infinity, the curve being 


v/a? — y?/b? = 2%, then xe,/a* — yy,/b? = 22, is the tangent at (2, y;, 2,), and. this 
includ the cases of (a,6,0) and (a, — 6,0). Alternatively, the equation 
(nas yb)(aja— y/b)—z* shows that the curve touches «/a-y/b-0 on z 0 


(ii) Taking the point of view of indefinitely close approach, suppose. that 


(x, y) is & point on the curve in the first quadrant. If y is sufficiently larg 
say ybo N, it follows from (a/a+ y/b) (ca — y/b)— 1 that (aja — y/b)<12N 
and so the point (2, y) is indefinitely close to w/a— y/b. A. R. 


1835. On Note 1758 (Director Circle). 

The equation Al? + 2HIim + Bm? — 2(GL+ Fm) (le + my) + C (le + my)? =9, 
found by climination of » from the envelope equations of the conic and thi 
point (wv, y), is the equation of the points at infinity on the tangents from 
(wv, y). Hence the director circle is found by expressing the condition for 
these points to be in perpendicular directions, namely that the sum of thi 
coefficients of and m? is zero. The foci are found from the same equation 


by identifying it with the equation l* + m?= 0 of the circular points. A.R 


1836. A proble main probability. 


Six cricket clubs form an association and compete each year for a premict 
ship. The winning team receives a shield, which is to become the absolut 
property of the first club to win the premiership three years in succession 
What is the minimum number of years that must elapse before a persou 
not knowing the year-to-year results can say that the odds that the shield 
has been won outright are at least evens, it being assumed that in each year 
each team has an equal chance of winning the premiership? 

Let p, be the probability that the shield has not been won outright at thi 
end of » years. This will be so if either 

(1) The team winning the nth competition did not win the (nm — 1)th, and 
the shield had not been won outright after the (#2 — 1)th competition—chane 
of this 1s ¢+ Py_1- 

(2) The team winning the nth competition also won the (nm — 1)th but not 
the (7 — 2)th, and the shield had not been won outright after the (a — 2)tl 


competition—chance of this is 4. @ «Pps 
rae ‘ hy 1 5 
Thus Pn 6° Pn—-1 6° 6° Pp 


This is the relation connecting successive coefficients of a recurring scries 


” 


SS unw"™' with seale of relation L—?*-}.32%, of which the generating 
s~ 1 
function is 
I | l 
| (N45 —0™U_———— (7 /5)—_—_—_— | 
2QN45 745+ 5 N45 ) 
l r l | 
12 12 ; 
and 
1 { (J454+5\"" (/45-5)\" a 
u (45 Seer * 
saa eet aan aa (— 1)"-1(7 — v.45) ( _ ) 
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The requircd value of is found by equating this expression to 3, the next 
nteger above the value of » so obtained being the required number of years. 
It is immediately found that the 2nd term is negligible and the solution of 
the equation then presents no difficulty, the appropriate value of » being 31. 

\ general solution for am teams is readily obtainable ; as a matter of 
interest, it may be noted that the appropriate values of for even numbers 
of teams from 4 to 12 are as follows : 


No. of teams. n. 
t 15 
6 31 
8 5] 
10 738 
12 110 


P. M. WICKENS. 


1837. Teaching of geometry and statistics. 

For several years greater emphasis has been placed on direct: measurement 
in introducing the principles of elementary geometry. This is an excellent 
move in principle, though [am not clear whether it has been reconciled with 
the rejection of the method of superposition, which has been so heartily con- 
demned in the past. Some years ago, in the Mensuration chapter of my 
Scientific Inference, L constructed a Euclidean theory based on experimental 
laws, and developed it up to the establishment of rectangular coordinates in 
three dimensions and the Cartesian formula for distance. This was not 
intended for elementary teaching, and in some respects would probably be 
unsuitable, since T defined angles and planes in terms of distances and accord- 
ingly. met some analytical complications. Nevertheless it has one notable 
advantage over the modern textbooks that LT have cxamined —it avoids the 
negative definition of parallels. We cannot test to any useful degree of 
accuracy in practice whether a pair of limes never meet. LE should be very 


gad to know the opinions of teachers on the possibility of adapting my 
method to their purposes, for instance, by introducing measurement of angles 
at an earlier stage. 

The use of vector methods is sometimes advocated, but some of the theorems 
often * proved by vector methods seem to be needed in the establishment 
of the properties of vectors. 

A wider knowledge of the nature of random variation is desirable, but the 
foundations of the theory are difficult. [ am alarmed by the use of the 
expression ‘ frequency distributions * on p. 7 of the syllabuses just issued 
by the Cambridge Joint Advisory Committee. There are three frequeney 
definitions of probability, all of which have been severely criticised, and there 
has been no serious attempt at a reply. In fact some prominent statisticians 
have admitted the seriousness of the objections. ** Distributions of chance ” 
would be non-controversial. It would be a disaster if a mistaken method of 
approach was installed as an essential principle of elementary teaching. 

HAROLD JEFFREYS. 

1838. Examination questions. 

What are the characteristics of a good mathematical examination question, 
and what, if anything, have good questions, at different examination levels, 
in common? Consider, for instance, the University Entrance Scholarship, 
the Intermediate and the Final Degree Examinations. As a first provision 
it seems clear that some originality is desirable in’ both Scholarship and 
Degree Examination questions, out of fairness to the candidates. If the 
questions are museum pieces, it is possible for a candidate of good memory 
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to take a high place in an examination, though utterly lacking in all mathe. 
matical ability. Knowing what is written on page six of the geometry text. 
book is not knowing mathematics. The alternative, like that taken by thy 
Poet to defeat the memories of the King’s slaves, is to choose old questions 
of which the proofs are so searching and intricate that memory unsupported 
by understanding is almost certainly defeated. 

Perhaps the most important thing of all is that the question should feach 
the candidate a piece of good mathematics. A question is a bad question, 
however ingenious its Construction and clever its solution, if it presents a bad 
treatment of some aspect of the subject. This is especially relevant to the 
Intermediate Mxamination, where originality is entirely out of place (inci- 
dentally the Intermediate Examination should form an easy introduction to 
the final examination, and not a sect of difficult exercises in school subjects). 

These reflections on good and bad questions were initiated by a perusal of 
a recent set of examination papers for the special degree in mathematics for 
external students. The set contained many really excellent questions, some 
terrible misprints, and two questions which, for different reasons, are perhaps 
the worst I have ever seen. It is admittedly unfair to quote only the bad out 
of so many good questions, but from the commentator’s point of view a bad 
question is good material for analysis, and a good question no material at all 

The first of these questions runs as follows (it is quoted in full) : 


* Prove that, if the z’s are any complex numbers and ¢ is positive, then 


21422 |?<(1 +e) [2 |? (1 *) zal. 


Under what conditions does the sign of equality hold? 
Prove that, if the @s are positive numbers such that 


l | | 
- 
ay Us Ay 
then 
1 tes zn a my <1 bt An mn | 


The Lemma is clearly the particular case of the general theorem, with n = 2, 


and the theorem is readily derived from the Lemma by a simple induction. 
The Lemma is just the inequality 
2, +2 |?< {| 2, | + | 22 |}? + {Ne | 2, | Ze | 5" 
Equality holds if, and only if, 2, =z). 
p+ 
y 


For the theorem, write 6, = (4,,1—- 1a,/dp... 1<r<p, so that if 2 Ia, l, 


p 
1 


p . ' 
then J 1/b,— 1. Assuming the theorem for n= p, with parameters b,, bs, ..- . bp 


1 
we have 


I 
1+ %2 epi) § (1+c)|2,+... a (1 a we he) by the Lemma 
: I _ 7 
(1 +c){b, | 2, |? +... +0, | Zp |*} l ) leptil®s by hypothesis, 
iy | Z|? + +. Ay |p : Any.) — py 2, taking c= 1 (Gp 41 1), 


which completes the inductive proof. 
At first sight an interesting question. 
Let us, however, consider the theorem itself, ignoring the approach sug 


gested by the Lemma. 
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By Cauchy’s inequality, 


l . l 
(2 +2 |)? (s J/a|z <{ 2- }(2a|z\*), 
Na a 


which proves the theorem in a single line. What is worse, we have proved 
a stronger result than was asked for, since | Xz |*<(2'| 2 |). 
In faet the inequality (| z|)?< Sa|z\? has nothing at all to do with the 


complex variable, being simply a theorem for positive numbers. 

It follows that all there is of the complex variable in the question is the 
inequality | 22 |*<(2L|z]|)?, and the theorem stated is a weaker result than 
this expresses. 

The theorem therefore amounts to the inequalities (1) | 22 |?<(2|2])%, 
(2) (Lb)2< (Lub?) (L1/a), both of which are higher school algebra. 

The second question reads thus : 


* State : 


iu set of conditions sufficient to ensure that 
d (¢ ¢ Of (x, A) de 
| f(a, A)dx d », A) - 
dx i ye ; \, CA i J ir 
, fe flac .., , aan * 
If the integral | J(2) ~, is independent of c, show that." 2 f(x) isaconstant. 
O(¢e ‘*/* : 


In short, the student is asked to solve Abel’s integral equation. Since 
Integral Equations are not in the syllabus of the examination (the question 
is not in the advanced papers), the candidate is presumably expected to show 
a genius for mathematics far in excess of Abel’s, since that great mathe- 
matician did not obtain his solution under examination conditions. 

An unkind explanation of the mystery which occurred to me is that the 
question was set under the mistaken impression that it admits the following 
simple solution, 

Write d(x) =2'/? f(a), then 


c f( r)da ¢ A(x) ox c {te c P . Sa Cc 
xz: —— | dx A(v) are sin \ d’/(x) are sin dx 
0(¢e wis 0 Jor a2 * Cc ) 0 ‘ Cc 
7 Ay _ Qe-c 
d(c) + d(0) | d’ (vv) are sin da. 
Zu : 0 c 


Differentiating with respect to c, we find 


_ ‘ f,’ ( - “/ ra ee 
TI 4 bd (wv) r.. " db (x) 

b (c) | da db’ (c) 0, 1.€. | : la 0) 
p 4 0 , oF 0 , 

ad VCX Had = V CL ax” 


Hence d’ (x) = 0, 7.e. x! * f(x) d(x) = constant. 


The * fallacy ” lies in the last step: if | w&(a)dv—0 for all c, then we can 
) 
derive %(a)=0 by a simple differentiation, provided x(x) itself is independent 
ofc. 
When the integrand contains the variable c, as in the integral | ¢ (*) dv, 
‘) Vcr ar 

e deduction of 4’(2)— 0 is no longer clementary, but just as deep a result 
in the theory of Integral Equations as the solution of Abel’s equation itself, 
(See, e.g., The Theory of Fourier Integrals, 4. C. Titchmarsh, Theorem 150.) 
An ¢ lementary proof is possible only on the assumption that (.r) is & power 
series, the proof depending on the identity 


tl 


( r > 


da 2e"| ~ sin2” ¢dt. 
0 
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P . = = rc us (a } 
It is interesting to notice that if we assume that the equation | ( 
INvale r) 
implies h(a) = 0, the solution may be obtained without any differentiation. 
, ‘ I es ars : 
For | dx —7, and so if a is the constant value of 
On rte rv) 
re J (x) dx re dA ( r) 
| dx, then 
Ole x) - Ox Ale r)! ” 
A(w) re alr 
| : da | dx, 
0 x'/2 (¢ be) 0 x"? (¢ c)* 
: u ud (a) da 
1.0. | 0, where &(a)=d(x7)-—a/z7, whence 


0 xv'/*(c — x)!/2 
(v7) =0, i.e. 2 *f (xv) = b(a)=a/z, and the lemma is again totally irrelevant. 
R. L. Goopstris 


1839. A note on the cycloid, 

The length of the are of the eyeloid may be obtained as the limit of a sum 
of circular ares in the following very simple manner. 

\ regular polygon of » sides rolls on a line, the cireumradius of thy polygor 
being a. Let the vertices be numbered in order from 1 to n. Initially th 


side ml rests on the line, then the side 12, then 23, and so on, The polygor 
» 


turns about the vertices 1, 2, 3,... in turn, turning through an angle ~~ about 
n 


each vertex. When the polygon is turning about the vertex r, the vertex ; 
» 





describes an are of a circle of angle ~~ and of radius rn. The diagonal ra 
a'r . ek 

subtends an angle at the centre, so that its length is 2a sin 
vi i 


Hence the length of the path of the vertex n, in one revolution of th 


n-1l rr 
polygon, is da 2 sin 
; r=1% n 
n-1 7 ror * : 
But > sin -\ sinwda COS a 2. 
| 7 ’ 0 


Thus the length of an are of the cycloid is 8a. 


The area bounded by the locus of the vertex n, and the base line, in one revolu 


tion, is the sum’ of the areas of the n -- 1 sectors with centres 1, 2, 3, ...,n—1, 
2a P ra , 

angle , and radii 2a sin »,r=—1, 2,..., n-1, together with the sum of tl 
vi i 


areas of the triangles 12n, 23n, 34n, ... , (rn — 2)(n— I)n, 


yl 27 ee A ee 
if a-- . 4a? sin? a* sin : 
2 7 n 2 n 


the second term being the area of the polygon. 


: ee ee ; 7 na? | Qqr sin 27/n : 
But 2 sin? ~\ sin? ada and sin 7a" ~ma?, ancl si 
n n 0 9 2 n 2a/n 


the area bounded by an are of the eyeloid, and the base line, is 


2ra* + 7a? = 3ra?. G. H. JONES 
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1840. Rotating rings of tetrahedra. 


; rhe rotating rings of tetrahedra discovered independently by Andreas and 
Stalker are deseribed by Coxeter in Balls Mathematical Recreations and AYS 
‘nit 1939). A string of m tetrahedra is made in such a way that when it is held 
straight all the tetrahedra have a binary axis in common, and adjacent pairs 
f tetrahedra have an edge perpendicular to the axis in common, The ring 
formed by bringing together the two edges, one at cach end of thi ries, is 
ipable of rotation like a smoke-ring. The complete rotation takes place in 

tages : at the end of each stage the ring comes to rest of its own accord. 
When n is odd, the string of tetrahedra ré quires to be twisted through an 
wgle $7 in order to bring the terminal edges together to form a ring. This 
twist may be either right-handed or left-handed. When » is even the ring 
an be formed with or without twisting through an angle tz. So that no 
matter whether n be odd or even, the rings may exist In enantiomorphous 

loTrms. 

When n= 10 and t=0, the orientation of the ring is the same after two 
ant. stages of rotation as it was at first; and at the end of four stages it arrives 
STEIN at a position of absolute coincidence. This is best seen when one face of a 


etrahedron is coloured. 

When n= 12 and t= 1 a ring can be formed, but its movement of rotation 
a sium s very restricted. When n= 14 and ¢=1 the ring can be turned completely 
und. In this particular case it is possible to rotate the ring in such a way 


ply gor that its orientation (perhaps in this case it were better to call it the aspect) 
ily tl at the end of one stage is the same as before. It will be found easier to main- 
olygor tain the ring in this condition when it is rotated from within outward. If one 


f the tetrahedra be coloured, it will be found that it progresses round the 
ring and arrives at its initial position (absolute comeidence) at the end of 
rtex | fourteen stages. Rotating an enantiomorphous pair from within outward. 
the coloured tetrahedron moves round the ring clockwise in one case and anti- 


nial ry wkwise in the other. 
The completely rotatable ring with n— 16 and ¢=2 is also interesting. It 
“an be worked into such a position that it forms two loops with their planes 
of th it right angles to one another. The loops cross each other at an edge which 
scommon to four tetrahedra, Each loop considered by itself has a quaternary 
axis of symmetry of the first order perpendicular to the plane of the loop ; 
ind the ring taken as a whole has a quaternary axis of the second order, this 
axis being the line of intersection of the planes of the two loops. 
SIDNEY MELMORE. 
1841. The number of solutions of a2*4 y* 
revolt The question of the number of solutions of the equation a? + y?— 2+ in 
ee ntegers raised in Note 1714 can be dealt with by using complex integer 

Consider the equation «2? + y? =z. It willappear later that, once we have the 

1 of tl solutions of 22+ y2=2z, we can immediately obtain the solutions of 7 + y?— 2", 
Where nm is any integer. 

It is known that z=1 mod 4, if z is odd, and that if z contains an even 
number of powers of primes =3 mod 4, they must occur as squares and be 
factors of 2 and y. We shall therefore consider them as having been removed, 
since they have no effect on the number of solutions. 

Let 2=p,%, po... p,m, where p, is a prime = 1 mod 4. Then it is known 

that there is a unique solution of the equation 
ame 


&* n° | LP eee Bi 


apart from the order and sign of € and 7, and there is a continued fraction 
JONES. § process for finding € and 1). 
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The solutions of et Pia sccsinecaeeetenaee (2 


follow mimediately. Kor 


X24 Y2=(N+éY)(X -iY) = Mp," = 11(€, + in,)"*(é,- ing)”*. 


Then by the uniqueness of the factorixation of complex integers, all solutions 
of (2) are given by 
pews ¢ IT(é, in \* "he. in.) 8, wine ohenatieteiertatavacgveie aa ia/wranec (3 
8 
where 2. takes all values from 0 to x,. 

We obtain solutions with [X, Y|=1 by taking either B,=0 or B, =x 
These solutions will be conjugate in pairs, so that the number of co-prim 
olutions is $(2n) = 2"—', 

From (3), if all the x, are even, then Y =0 when £,= }«, for all s. Except 
for this case the solutions occur in conjugate pairs, which are not regarded as 
distinet, and consequently the total number of solutions is }/7/(«,+ 1). 


When all the «, are even the number of solutions is 
4{1T(a,+1)+1}, 
8 
according to whether the trivial case Y — 0 is ineluded or not. 
If instead of (2) we want the solutions of 
X?+ Y? 2° IT p, 8, eet Lentdde mae oacemteranie { 
8 
then X+7Y=(1+2)"/1(é, ing) * '*(é, Bi Oy, avsscuesegocasenets 5 


and the number of solutions is independent of «, and is the same as. th« 
number of solutions of (2). The actual value of the solutions is, of course, 
different. For if 


. . 3 » ° 5. 
xr+uy IT(é, ins)? “ee SH) "5 


8 


then | | i 7a)(r+7y) gives the pair (2+ y) and (a2 — y) apart from order and 
ign. Thus multiplying by (1 +7)” does not increase the number of solutions. 
In the example quoted in Note 1714, 


a? + y? = 1105? = 5? . 132. 172, 


we have «,;=%—>%3;=2. Hence the number of solutions is }(3%- 1)=18 


Of these, four are co-prime and are given by 


xr iy (2 + 2)?(3 -++ 22)2(4 +7)?. 
These are as mentioned in the note (47, 1104), (576, 943), (264, 1073) and 
(744, 817). There are two solutions with 5 as a common factor : 


x+dty = 5(3 + 22)?(4+2)?. 


These are (105, 1100) and (700,855). There are two solutions with 13 
and two with 17 as a common factor. These are respectively (169, 1092), 
(468, LOOL) and (561, 952), (272, 1071). There is one solution with 5-13, on 
with 5-17 and one with 13-17 as common factor. These are respectivels 
920, 975), (425, 1020) and (663, 884). These are the thirteen solutions. 


A. W. GENT 
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REVIEWS. 


Worked Examples in Electrotechnology. By W. T. Pratrr. Pp. 262. 
12s. 6d. 1945. (Hutehinson) 

This work should prove of great value to the students for whom it is written 
and will be much appreciated by harried instructors. The setting out of the 
solutions in logical steps, easily to be followed, is of first-rate educational 
importance, 

The examples are intended to cover Part I of the Associate Membership 
Examination of the [.1.E., and the National Certificate syliabus in Hlectrical 
Enginecring. They deal fairly fully with direct current engineering, and cover 
alternating current circuits, single- and polyphase, including transformers, 
but not including the operation of alternating current rotating machinery. 
Except in two questions on permanent magnet moving coil instruments, 
measuring instruments only occur incidentally. 

The p.c. machine section would be more nearly complete if examples on 
armature reaction, Compounding, and commutation were added. [t is also 
a pity in the reviewer's opinion that in the treatment of A.c. circuits no 
reference to admittance is made. 

Care has been taken to maintain a high standard of accuracy, but a few 
small errors remain. In Example 100, page 115, it seems that the phrase 
‘greater distance than 50 feet’? should read “ greater horizontal distance 
than 75 feet’. Example 132, on page 158, has been solved for a different 
current from the one specified. On page 193 it is stated that ‘in order that 
a given P.D. may be developed across any part of the circuit with minimum 
supply p.p., the circuit must be in resonance, 7.e. the condenser reactance 
must be equal to the coil reactance”. This is not so, except for the P.p. 
across the total resistance of the circuit. In the question the P.p. across the 
condenser is required, and the misstatement leads to an crror of the order of 
7 per cent. Figure 147, on page 248, may be misleading, as it Is inconsistent 
with the following figures also representing the equivalent circuit of a trans- 
former. In these, separate paths for the components of the magnetising 
current are shown together with the two coils of a * perfect transformer ” 
whereas in Fig. 147 the wattless component of the no-load current is made to 
flow in the primary of the ** perfect transformer”. One or two small printer’s 
errors have been overlooked, as, for instance, the omission of a letter in line 11 
on page 117, the omission of z in line 16 of page 169, and the displacement of 
an index in the definition of the prefix, micro-micro-, on page 19. 

These points are mentioned in anticipation of a reprint, and are small 
blemishes in a book which can be warmly recommended. G.F.N. 


Theory of Games and Economic Behaviour. by JouN VON NEUMANN and 
OskAR MORGENSTERN. Pp. xviii, 625. 66s. Bd. 1944. (Princeton U.P. ; 
Humphrey Milford) 

This book is full of new and important ideas. 

The mathematical theory of games in the past consisted chiefly of the 
application of mathematics to special games or kinds of games. This book, 
on the other hand, analyses the idea of a game in its most general form, and 
also the idea of a solution, and actually determines the solution in many 
Important simple cases, 

Probably no general definition of a ‘ game” has been given before, taking 
into account the possibilities of mixtures of chance moves and moves by 
players, varying amounts of information about the previous moves, and so 
on. So that is the first task the authors achieve. A specially important 
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classification is into ** zero-sum” games, in which money (or other measur 
of “utility ”’) simply changes hands at the end of the game, and “ non-zero. 
sum” games, in which money may be created or destroyed. 

The next task is to define the solution of the game. Here even in the 
implest case of a zero-sum two-person game we run into difficulties. For 
example, consider the game in which two players Alf and Bill each plac 
coin on a table unseen by the other. I[f on comparing the coins they agre 
(both heads or both tails), Alf claims Id. from Bill; if they disagree, Bil 
Claims Id. from Alf. What are their best ways of playing? Clearly if Alf 
tosses his coin on to the table, he will ensure himself an even chance of winning 
whatever Bill does. And that is the best he can do, for Bill in the same way 
can ensure himself an even chance of winning. Neither, therefore, can d 
better than choose his position by chance. This sort of solution, in whict 
strategy is partly decided by chance, was discovered independently by R. A 
Fisher, but in this book it is shown to hold for all two-person games wit! 
zero sum. ~*~ Bluffing ? in poker—occasional high bids on a low hand — is of 
this nature. 

Quite different difficulties come in with games of more than two players 
Generally it is of advantage for sets of players to combine together agains 
the remainder. (When no combinations offer any advantage the gar 
called “ inessential and is relatively trivial.) To maintain such a combina 
tion one player or set of players may buy the support of other player 
that the final distribution of money may be changed considerably from t 
preseribed by the rules of the game. Such a (possibly changed) distribution 
is called an * imputation”. A * solution ” one would expect to be an imputa 
tion which is in some way better than all others but in what senses © better” 

\n obvious answer is that if on considering two imputations x and 8, w 
find a set of players in whose interest if is to have imputation P rather thar 
y, and who can be sure of getting it (or its equal) no matter what the other 
players do, then we might say that B is * better” than «, or in the authors 
terminology, B “dominates” « If we could find an undominated imputa 
tion «, it would not be to the interest of any group to change from it, and si 
it would form a natural solution. But unfortunately it is only possible in ar 


iInessential game, 
Because of these difficulties, the authors suggest the following definition 
of a solution (in general, a game has many such solutions of differing types 
~A solution is a set V of imputations which between them dominate al 
imputations not in V, but no others 2? A brief justification of this is hardly 


possible, but it is shown that it represents a sort of stability based on com 


promise. This specially important for economies whose negotiations 
combines, buying, ete., so much resemble what goes on in a game with many 
players that it is suggested that this theory will lead to the first satisfactor 
mathematical theory of econpmics. If an economic system owes its stability 
to compromise, what of our political and ethical standards of behaviour? 

The complete set of solut ions is known in general only for the two- and thie 
person games : but certain special types of more complicated games are ex 
haustively studied, with interesting and unexpected results. For exampl 
if two entirely separate games played by distinct sets of players are considere 
formally as one game, there are solutions in which money is passed from on 
game to the other. And a combination of players need not claim all th 
money they might from their opponents. The theory does not yet includ 
games in which it is forbidden to buy the support of other players, but that 
one suggested generalisation, 

The mathematics throughout the book is entirely modern in spirit, using 
matrices, theory of sets, axiomatic methods, ete., but the treatment is every 
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where elegant and elementary, and does not assume a prior knowledge, of 


these methods. The explanations are careful and detailed, and when attack- 


iat difficult problem the authors have an admirable method of first giving 
lucid account of the strategy they will adopt. The printing is good, but the 


followimg errors might be confusing : 


. 95,1 6.8. For * field? read ** clement 


4 109, 1.19. For second K ,(7,, 72) read K (7.9, 7;). 

p. IOI, LTS. For “strictly determined” read specially strictly deter- 
mined”, 

mp. 412; |b: f’or * sinee 8, q ” read * since s, np” 

| 14, 1. 8. Insert before first &. 

yp. 525,1.-2. For * old” read “ new 


C. A. B. Smita. 


Tables of Elementary Functions. By F. eMpr. Pp. xii, ISI. $3.20. 1945; 
hoprinted from the edition of 1940. 0 (Edwards, Ann Arbor, Mich. ; Scien- 
tific Computing Service, 23 Bedford Square) 

For the third (1988) edition of Jahnke und Emde, Punktionentafeln, the 75 
pages of clomentary matter were sacrificed, and Dr. mde promised a separate 
publication, This appeared in 1940 but has not, of course, been available 
here ; the present version is a lithoprint by Messrs. Edwards Bros., under the 
authority of the U.S. Custodian of Enemy Property. The work has been well 
done, and the volume is neat, easily legible, and well turned out, if a trifle 
expensive, 

There is much more in this volume than there was in the early pages of 
Jahnke-Hmade, though the main ground covered is the same. Roughly, it 
deals with powers and with the exponential function ; the latter of course 
includes the logarithm, the circular and hyperbolic functions, and certain 
special Combinations, of value in applied mathematics and engineering.* 
There are also sections on the manipulation of complex numbers, for example, 
tables for the modulus and argument of the sum of two given Complex num- 
bers ; and sections on the numerical solution of algebraic equations of degrees 
2,3.and 4. Asin the parent work, the text is in parallel German and English, 
there are many diagrams, including relief diagrams, and much helpful material 
in the way of formulae. 

The final section gives hints on computation, and a useful but uncritical 
list of books on numerical mathematies. [t is in this section that Dr. Emde 


has been least happily served by his translator. ** Only for the functions 
e,...cosa results the constant interval 4 =0-02 rad.” is not English, 
though it can be forgiven. But there are places where the meaning becomes 
obscured in translation: “S For a numerical caleulation in a series it is not 


the most important whether it be convergent or divergent. A series is useful 
for numerical calculation, if its beginning is convergent.” Why not stop at 
the first term ? 

This apart, the new Emde is a valuable addition to our shelf of tables ; it 
is worth a place in the school library. TA. A. ee 


Sechsstellige Trigonometrische Tafel. By H. BRANDENBURG. Pp. xxiv, 304. 
$5. 1945; lithoprinted from the edition of 1932. (Edwards, Ann Arbor, 
Mich. ; Scientific Computing Service, 23 Bedford Square) 

This lithoprinted edition of the well-known six-figure tables prepared by 
Brandenburg appears under the same auspices as the Emde volume reviewed 
above. The volume is clearly reproduced and neatly bound. 


It may be remarked that extensive use is made of the right-angle as an 
ang ilar unit. 
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The main table gives the sines, cosines, tangents and cotangents from 0° 
to 45° at intervals of 10”. This of course covers the quadrant conveniently, 
First differences are provided, and the proportional parts of the differences on 
a page are given in a margin to the table on that page. Auxiliary tables 
provide the cotangent for the first three degrees for every second, and th 
sines and tangents for the first degree at intervals of 10”, as in the main table, 


but in this case six significant figures are given, irrespective of the number of 


zeros following the decimal point. 

Dr. Comrie has supplied a list of eight errors, not all serious, and this has 
been inserted ; so short a list from so severe a critic indicates a high standard 
of reliability. 

The tables are convenient for use. Aesthetically they fall short of eleganc 
by what seems to me to be too frequent a use of * rules ”’, giving the page a 
crowded, jig-saw appearance ; but this will not be considered a fault by all 
table-users, and matters little since the fount is of clear, old-style figures. 


1. A. A Be 


CORRESPONDENCE. 
To the Editor of the Mathematical Gazette. 


DEAR Srr,-—A personal reference by Professor G. H. Livens, on p. 10 of 
the February Gazette affords me an opportunity of paying a tribute to the 
late Mr. William Welsh of Jesus College ; an opportunity which [ cannot 
resist. Mr. Welsh was a very great teacher, and I have always considered 
myself fortunate to have been one of his pupils. He succeeded Mr. William 
Walton (eighth wrangler, 1836) as lecturer at Magdalene, in my first term of 
residence. As we were not then combined with any other College for lectures, 
he had the difficult task of covering the schedule for the tripos (the old Part I 
by giving the men of each year three lectures weekly, each lecture lasting 
only 45 minutes. His method, which worked well with a small class, was to 
sit at a table surrounded by his class and write out his lecture (using no 
notes) in an easily legible hand, at the same time dictating what he wrote, 
and at the end giving what he had written to one of the class. Though he 
covered a vast amount of ground, there was not time for everything ; and 
I have no doubt that Professor Livens got more from him at Jesus College, 
some twenty years later, including the interesting application of the method 
of energy to problems of changing mass, which L had not seen until T read 
the February Gazette. Yours faithfully, A. S. Ramsey. 


THE INTEGRAL DEFINITION OF THE LOGARITHM. 
To the Editor of the Mathematical Gazette. 


Dear Mr. Eprror, Will you allow us to comment on Mr. Tuckey’s not 
in the Gazette of February, 19457 
No doubt it is true that Hardy’s Pure Mathematics (Ist edition, 1908) has 
been a strong influence in favour of the integral definition of the natural 
logarithm. But Prof. Hardy would be the last to claim either priority ora 
monopoly in this matter. T. J. VA. Bromwich, in the preface to his Jf 
Series (1907), writes : ‘ It will be noticed that from Art. TL onwards free 
d l 2 - ™ 1\ 
use is made of the cquation a log x , although the limit of (1 } J from 


n 


which 
avoid 
treatn 


equati 


to Nay 
compa 
Bro: 
Osgzoor 
to the 
Advan 
We 
iffect 
The 
withou 
t. and 
himsel 
pupils 
will be 
before 
tion of 
fa er 
scratel 
lifferet 
ogical 
Whe 
annot 
that m 
nowadi 
ha VO 
the dif 
ikely t 
Thus tl 
the fort 


ind it i 


Anot 
empts 
Sa pu 


such an 


sa ter 


realise 1 


n this. 
i tract 
It m 
nterest 
Th 
ntrodus 
Nobo 
ind at 
ther hi 





mn O° 
ntly, 
son 
ubles 
| the 
ible, 


cr of 


dard 


ance 
we a 


Vv all 


10 of 
» the 
nnot 
lered 
liam 


‘rm ot 





CORRESPONDENCE 135 


which this equation is commonly deduced is not obtained until Art. 57. To 
avoid the appearance of reasoning in a circle, [ have given in Appendix II a 
treatment of the theory of the logarithm of a real number starting from the 


a 
equation log a | de x. The use of this definition of a logarithm goes back 


to Napier, but in modern teaching its advantages have been overlooked until 
omparatively recently.” 

Bromwich adds references to a paper by Bradshaw dated 1903 and to 
Osgood’s Lehrbuch der Funktionentheorie. Reference may be made here also 
to the English translation of Felix Klein’s Elementary Mathematics from the 
\dvanced Standpoint (analysis volume, p. 155). 

We mention this as a matter of historic interest. It does not of course 
iffect Mr. Tuckey’s argument. 

The teacher who accepts the recommendation to use the integral definition, 
vithout conviction, merely from deference to the authorities who have made 
t, and does not otherwise alter his teaching arrangements, will probably find 
himself in the ridiculous position suggested by Mr. Tuckey of saying to his 
pupils : Come, now, let’s pretend that we cannot differentiate log x. This 
will be beeause he has proceeded too far in his course of differential calculus 
efore starting integration. The serious objection to Mr. Tuckey’s difteraitia- 


tion of a” is not at all that it requires more intuitive ideas about the gradient 


fa curve, but that a” is being differentiated simply because the teacher is 


scratching about for something to differentiate: not because he wants to 


lifferentiate it in connexion with some problem that arises naturally ina 
gical or a practical course of mathematics. 

When Mr. Tuckey says that differentiation comes before integration, he 
annot mean that all differentiation comes before any integration, although 


that may have been approximately true in his school-days and ours. But 


iowadays the differentiation that precedes applications of integrals to areas 
ima Volumes is generally limited to powers of a2. It need not even include 


the differentiation of sin x, although the trigonometriecal functions are more 


ikely to arise in elementary work than logarithmic or exponential functions. 
Thus the pupil is brought, at an early stage, up against the missing link in 
he formula 


La”? da att! (n 1), n L. 


a 
ind it is then easy and ean be exciting to investigate | diw/ax. 
l 
Another disadvantage of proceeding too far with differentiation is that it 
mpts the pupil, when he eventually reaches integrals, to regard. integration 
sa purely tentative process to be carried out by guessing when such and 


such an answer was obtained to a differentiation. Although it is true that there 


sa tentative side to integration, it is far more important for the pupil to 


alise that there is a systematic side. Prof. Hardy’s influence has also been 
n this direction, notably in his tract on Integration in the Cambridg TICS 
i tracts. 


It must be admitted that the integral approach to logarithms loses its 
nterest if the pupil knows the answer beforehand. But he ought not to know 
The ideas on which the method is based are not difficult, and should be 
troduced when the integral of Iv or the natural logarithm first appears. 
Nobody can describe the method which Mr. Tuckey advocates as exciting, 
given any purely theoretical support. On the 
ther hand, the integral method, apart from its interest, also serves as an 


nd at this stage it cannot be 
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oduction to an important form of mathematical procedure, and _ so it 
sto us to possess just that * outlook value ” that should be a dominat- 
msideration in the choice of subject-matter for mathematical sixth 
Yours, ete., C. V. DuREtL and A. Rosson, 


POETS’ CORNER. 
To the Editor of the Mathematical Gazette. 


For some time TL have collected specimens of verse (mostly light) on 
matical and astronomical themes. [should be glad if you could spar 
space to enable me to ask members of the Association to help in 
ving scattered masterpieces. It will be enough to give references to the 
or journals in which they can be found, and the smallest contribution 

gratefully acknowledged. Yours faithfully, A. P. ROLLETT, 
4 Oak Lane, Sevenoaks, Kent, 


TEXTBOOKS AS TEACHERS. 
To the Editor of the Mathematical Gazette. 

Would that they were! I speak of university student textbooks, 
oughly, these are either class-books, designed as aids to the training of 
caminands in classes ; or they are lectures without a lecturer. 

In no case that T know of does any one of them, modern or not, solicitously 


regard and properly provide for the needs of the learner when he is along 
with his books. Yet during that part of his learning time the learner has no 
help within reach except his books. And it is then that there occurs, for very 


many learners, an appalling waste of their time. 

Responsibility for this wrong done to them divides between quthors and 
publishers. A textbook, like a teacher, is under obligation to answer every 
question which a learner legitimately puts to it. Further, he must not be 
needlessly delayed in getting his answer. 

I have not space to set out separately here the multiple unnecessary com- 
pulsions to waste of time enforced upon a learner in solitude by every one of 
these textbooks. HKach separate unnecessary one of these is in itself a wrong 
The accumulated total of them piles up to a great evil. This evil is the more 

elin that the injuries which it inflicts are not merely according to weak: 

. but become harsher in steeply rising proportion to it. The nature and 
hurt of each of these injuries [ know by experience. The feelings of tht 
eal concerning them [| know from within, and I will voice them. 

am ready to justify my indictment by as many instances as may be desired 
mn well-known current textbooks. The worst of the injuries arise from 

negleet of the mere mechanism of presentation, especially from almost 
wlievable deficiency in : (1) references back to the book itself ; (2) indexes: 
reference to ancillary books. The multitude of other injuries [T must leav 

unclassified and uncounted. 

Finally, and it would be my best contribution, I believe that [I can point 
out a remedy that would be efficacious, unobjectionable to authors, and yet 
cheap to publishers, Yours, ete., OWEN MADDEN 


PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE 


THE UNIVERSITY PRI GLASGOW 
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